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Foreword 

Quite some time ago the connection was observed between the topologi- 
cal properties of a manifold and the character of the critical points of 
an arbitrary function f on it; that is, the points at which df=0. We 
must add that the words “number of critical points’”” may be understood 
in two ways. One way is the sum of the multiplicities of the critical 
points. This is the so-called number of analytically distinct critical points. 
Another way is the number of geometrically distinct critical points. It 
helps in understanding this situation to note that the number of analyti- 
cally distinct roots of an algebraic equation of the nth degree, i.e., the 
sum of the multiplicities of the roots, is equal to n, while the number of 
geometrically distinct roots may be no larger than unity. Correspondingly, 
various topological invariants have been applied to estimate the number 
of geometrically and analytically distinct roots. 

The shift of attention away from the critical points of a function de- 
fined on a manifold towards the corresponding variational problems, 
1.e., towards the extremals of functionals defined on the function-space 
of admissible curves of a given variational problem, leads to a shift from 
the topological investigation of n-dimensional manifolds to that of more 
general abstract spaces. Thus the problems of analysis become inter- 
twined with the investigations of modern-day abstract topology. 

In our survey paper, published in “Uspehi Matematiceskih Nauk”’ 
(Ljusternik [16]), we discussed the leading applications of topology to 
research in the calculus of variations. That paper should be considered 
as an introduction to the present paper. Here we restrict ourselves to 
an indication of the most important results. 

Marston Morse and his students investigated the connection between 
Betti numbers modulo 2 and the character and number of analytically 
distinct critical points. The basic results of Morse are presented in his 
significant book ‘The Calculus of Variations in the Large’. Morse also 
applies his methods to functional spaces, making concrete studies of the 
Betti numbers modulo 2 of the space of rectifiable curves with common 
endpoints on the n-dimensional sphere and of the space of closed rec- 
tifiable curves on it. The most important result of Morse was the local 
existence of a countable sequence of geodesic arcs joining two given 
points on a manifold homeomorphic to the n-dimensional sphere. 
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The Moscow mathematicians Ljusternik, Snirel’man and their students 
investigated the connection between the number of geometrically distinct 
critical points and the topological properties of manifolds. In this con- 
nection Ljusternik introduced the homotopy invariant “‘category”’ [16], 
estimating the number of geometrically distinct critical points. In turn, in 
order to estimate this invariant, which ‘is difficult to calculate, Snirel’man 
(24] introduced homology invariants which turned out to be closely con- 
nected with the ring of intersections of a manifold. Later, these invari- 
ants were studied, along with new homotopy invariants, by El’sgol’c 
[29]. Frolov and El’sgol’c [30] also introduced a new and computa- 
tionally very convenient “length” of a manifold. 

A very important tool in these investigations was the theorem of 
L. S. Pontrjagin on the removal of a cycle [23]. 

Homotopy invariants such as category may also be defined directly 
for functional spaces. In particular cases it was possible to compute such 
invariants and thus to investigate the number of solutions of the cor- 
responding variational problem. It was by such a method that the 
existence of three closed geodesics on a surface of genus zero was proved 
by Ljusternik and Snirel’man in [19]. However, in other cases it was 
not possible to give direct definitions of homotopy invariants. 

In the present paper we investigate the homological properties of func- 
tional spaces in connection with the estimation of the number of solutions 
of the corresponding variational problems. These properties are closely 
related, on the one hand, to previous work of Moscow mathematicians 
on topological methods in variational problems, and on the other hand 
to the investigations of the Moscow topological school on the homology 
theory of abstract spaces. In a certain sense this paper constitutes a 
synthesis of both directions of the Moscow topological school. 

In the most important papers on the calculus of variations these func- 
tional spaces are usually compact or close to compact. The basic concepts 
and facts of combinatorial topology are carried over to such spaces. Here, 
we must mention first of all the work of P. S. Aleksandrov. In particular, 
in [2a] he transferred the basic theorems of duality to such spaces, which 
then found their application in the calculus of variations in the large. 

The upper cycles in functional spaces and their products, introduced 
into topology by A. N. Kolmogorov and P. S. Aleksandrov, were an es- 
sential tool in this research. Indeed, in the case of infinite-dimensicnal 
spaces the upper images yield geometrical objects that are new in prin- 
ciple (they are infinite-dimensional with a finite-dimensional defect rela- 
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tive to the whole space) which are just as necessary for studying the 
properties of the whole space as are the usual finite-dimensional “lower 
images’’. In concrete investigations the upper cycles in particular func- 
tional spaces admit intuitive geometrical definition in the form, for ex- 
ample, of the family of curves passing through given points of the 
manifold, or of the space of curves on that manifold and so forth. 

Chapter I of this paper presents general methods in the calculus of 
variations in the large. It formulates general principles making it possible 
to determine when infinite families of extremals appear and to estimate 
the number of solutions of a variational problem in connection with the 
ring of products in the corresponding functional space. 

Chapter II gives applications of the general methods to the theory of 
eigenvalues of certain classes of nonlinear integral equations. 

Chapter III investigates “critical sets’, consisting of geodesic curves 
on manifolds. In addition, we reproduce the author’s theorem that each 
compact family of non-selfintersecting curves on the two-dimensional 
sphere can be reduced to a family of circumferences by a continuous 
deformation. 

Chapter IV investigates the functional space of all rectifiable curves 
on the sphere with common endpoints (admissible curves of a variational 
problem with fixed endpoints). Here we first give a complete investiga- 
tion of the topological structure of an essentially nonlinear functional 
space. We construct upper and lower homology groups and the ring of 
intersections (for various coefficient groups). We also give investigations 
of certain homotopy properties of this space. As an application we present 
a complete investigation of the geodesic arcs joining two given points 
on a surface of genus 0, sharpening some of Morse’s results. 

In Chapter V general methods are used to study closed geodesics on 
manifolds homeomorphic to the n-dimensional sphere. For the case n = 2 
we give a new proof of a theorem earlier proved by the author simul- 
taneously with L. G. Snirel’man on the existence of three closed geo- 
desics. For the case n > 2 under certain metric restrictions this theorem 
can be generalized: one proves the existence of at least (n+ 1) closed 
geodesics. 

For the case n = 2” we prove the presence of (2n + 1) such geodesics. 

In conclusion, we remark that the study of the homological properties 
of concrete infinite-dimensional functional spaces is a highly inter- 
esting problem in topology. 
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General Principles of the Calculus of Variations in the Large 


1. Critical values. 

K-sets. In the investigation of variational problems it is necessary 
to separate out special classes of sets; for example, sets on which the 
functional is continuous, sets of admissible elements under special re- 
strictions in certain problems, and so forth. 

Suppose given a metric space M. We shall consider a class [A | of closed 
sets on M, with the following property: if the set A belongs to the class 
[A], then any closed subset belongs to the same class. The class [A] 
will be called a K-class, and the sets of K-classes [A] will be called K-sets. 

For example, suppose that J is a functional given in M. We may define 
the K-class [A] of those closed sets A on which J is continuous. We may 
also define the K-class |B] of those closed sets B which have finite 
dimension. 

Continuous deformations may be defined in the usual way. Suppose 
that A is some set (in general, defined abstractly) with a topology defined 
on it. To each point a of the set A and to each value of the parameter 
t of the segment [0,1] there corresponds a point f(a,t) of the space M, 
while f(a,t) is continuous relative to q-and relative to t. 

The family of points of the form f(a,t) with a fixed ¢ forms a set A,, 
namely a continuous image of the set A. The operation thus defined, 
which transforms the set Ay into the set A, is called a deformation of 
Ap, aS an image of the set A. 

If the set Ay coincides with A and f(a,0) = a, we call such an operation 
a simple deformation of A. 

Along with classes of K-sets we consider certain classes of deforma- 
tions which we call K-deformations. Here the successive application of 
two K-deformations, one after the other, is again a K-deformation, and 
a K-deformation maps a K-set By again into a K-set B,. However, the 
intervening stages of the deformation of By may fail to be K-sets. ‘The 
identical deformation is always considered to be a K-deformation. 

For example, on a straight line we may define a K-class [A], namely 
as the class of sets A not containing some point a,.and a class of K- 
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deformations of these sets, i.e., namely the class of shifts along the line 
(as a “rigid body’’) as a result of which the K-set A (not containing 
the point a) goes into a K-set (however, at certain moments during the 
shift the image of the set A may indeed go through a). For example, in 
the space of all closed curves on the sphere we shall later consider K-sets 
consisting of curves without double points and K-deformations of such 
sets, transforming them anew into sets of curves without double points, 
i.e., into K-sets (though at intervening moments of the deformation the 
K-sets may fail to be K-sets). 

K-critical points. We shall say that a set A compact in itself, empty 
or nonempty, on a level hypersurface (J = c) (the set of points at which 
the functional J = c) possesses the K-property if for any sufficiently small 
a >0O there exists an « =«(a) >0, where «(a)—0 as a—0, such that 
any K-set of (J <c-+ a) may be carried by a K-deformation into the 
region (J <c — a) + S(A,e). We shall say in this case that (J =) itself 
possesses this property. 

EXAMPLE 1. Suppose that M is a compactum and J a continuous func- 
tion on it. The level hypersurface (J =c), which we shall denote by A,, 
has the following easily proved property: for any a> 0 there exists an 

= e(a) with «(a)—0 as a—0 such that if for the point x we have 
| I(x) —c| <a,thenx € S(Ag, ce). It follows that (J <c+ a) C(I Sc— a) 
+ S(A,,¢). Since the identity operation is a K-operation and A, is a set 
compact in itself, it therefore follows that A, has the K-property. 

If for the functional J the entire level surface (J =c) has the K- 
property, then the functional I itself has the K-property. For example, 
all continuous functionals on compacta possess the K-property. In §§11 
and 12 we show that the functional defining the length of a curve in 
the space Ff of rectifiable arcs on the sphere with common endpoints 
and in the space P of rectifiable closed curves on the sphere has the 
K-property. 

Suppose that the functional J, and therefore the entire hypersurface 
(J =c), has the K-property. Two cases arise: 

(1) The empty set has the K-property on (J =c). This means that 
for any sufficiently small a > 0 each K-set of (J Sc+ a) may be carried 
by a K-deformation into the region (J <c — a). In this case c will be 
called a K-ordinary value. 

(2) Only certain nonempty, compact in themselves, sets A have the 
K-property on (J =c). In this case there exists on (J =c) a nonempty 
set Ao compact in itself which is irreducible with respect to the property 
of possessing the K-property. Such a set will be called K-critical. 
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A set Aycompact in itself is called K-critical on (I = c) if it is a minimal 
set with respect to the following property: for each «> 0 there exists 
ane = e(a) > 0 with e(a) —0 as a—0, such that any K-set in (J < c+ a) 
may be carried into (J <c+a)+S(Ao,«). In this case ¢ is called a 
K-critical value. 

Itc is not a K-critical value, then we shall call it a K-ordinary value. 

The points of a K-critical set will be called K-critical points. 

If the K-sets are arbitrary closed sets, and the K-deformations are 
arbitrary deformations of them, then we shall speak simply of critical 
sets, points, and values, instead of K-critical, and correspondingly for 
ordinary values. 

EXAMPLE 2. Consider the well-studied case that f is a twice-differentiable 
function on a twice-differentiable Riemann n-dimensional manifold R,. 

If (f =c) contains no stationary points, i.e., points at which df = 0, 
then any closed set of (f <c-+«a) may for sufficiently small a >0O be 
carried into (f Sc — a), 1e., c is an ordinary value. 

If (f = c) contains a nonempty set A of stationary points (A is closed), 
then for any a >O0 there exists an « > 0 such that any closed set on 
(f <c+a) may be deformed into (f <<c—a)+S(A,e). A has the K- 
property. The critical points of f are the stationary points. 

In what follows in Chapter I we shall without specially saying so 
suppose that the functionals under consideration possess the K-property. 

The principle of Min-Max. K-homotopy class. Suppose given a K-class 
L and a class of K-deformations of K-sets B of L, and that the class 
L is invariant relative to deformations of that class. We shall call L 
a homotopy class. 


THEOREM 1. Denote by c the lower limit on L of the upper limits of 
functions I on sets B of the homotopy class L: 


c = inf [sup I(x) |, BEL, xEB. 


Then c is a K-critical value, i.e., (I =c) contains a nonempty K-critical 
set of the functional I. 


Indeed, if c were a K-ordinary value, then any K-set on (/ Sc+ a) 
for sufficiently small a > 0 could be mapped into the region (/ Sc — a) 
by a K-deformation. But for any a > 0 there is in (J <c+a) a K-set 
B of the class L. In view of the definition of L, by means of a K- 
deformation B maps into a set B, of the same class L, lying in (J S¢ — a), 
and sup/(x) on B, will be <c¢ — a in spite of the definition of c. The 
resulting contradiction proves the proposition. 
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We return to Example 2. 

Suppose given a class of closed sets L in R,, invariant with respect 
to the deformation operation. If c is the lower limit of the maxima of 
f on sets of class L, then (f = c) contains stationary points of the function 
f, at which df = 0 (Ljusternik and Snirel’man [17]). 


2. Merging of critical values. 

Subordinate classes. Suppose given two K-homotopy classes 8 and 
%., with each set B of the class 8 containing in the set-theoretical 
sense a set of class 8,. We shall say that the class %, is subordinate 
to the class 8. Each of these classes generates corresponding critical 
values c and c, of the functional J. 

We have c,; <c. Indeed, for each a> 0 there is a set B of the class 
8 such that sup,cgi(x) <c+a. But B has a subset B, of the class 
%,, and sup.es, [(x) S supreg I(x) S$ c+ a, so that 

c,= inf [sup I(x)|<c+a, 
ByE By xEB, 
from which because of the arbitrariness of a> 0 we obtain c, <c. 

The most interesting case is c = c,. Because of the Min-Max principle, 
(J =c) contains a K-critical set A. For any a> 0 there exists a set of 
class Bin (J S$c+ a). Any K-set in (J <c-+ a) may be deformed into 
the region 


(<c—a)+S(A,¢), 


where «>0O and a=a(e), and a(e)—0 as «— 0. For any «>0 and 
a = a(e) there exists a set B, of class 8 included in (f < c — wa) + S(A,¢). 

The critical set A must be such that B,— S(A,e) must not contain 
sets of class 8,. In fact, since 


B.€ Ud S$ ca) + S(A,.«), 
then 
[B.— S(A,)]E (1 Se —a). 


Ifa set B, of class B, lay in B,— S(A,«), then B,C (I <c— a) and 
supxe x, /(x) S¢ —a <c =, contrary to the definition of c¢,. 

The fact that B, — S(A,«) contains no sets of class 8, where B. lies 
in the class 8, makes it possible in many cases to judge the topological 
structure of S(A,«), and thus A as well, from the topological structure 
of the sets of the classes 8 and %,. Here those propositions which make 
it possible to judge from the properties of two sets the properties of 
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their difference turn out to be particularly important. Therefore in 
particular invariants of additive character and theorems on the con- 
nection between the structure of a set and its complement, of the type 
of the Alexander duality principle, find their application. 


3. Category and other invariants for the finite-dimensional case. 

The first in time among the invariants used for this purpose was the 
invariant called category (Ljusternik {4]). The set M is said to be of 
category 1, cat M = 1, in the space L, if it is reducible to a point in L 
by a continuous deformation. The set M is said to be of category m, 
cat M = m, if it decomposes into m pieces of category 1 but cannot be 
decomposed into a smaller number of them. Deformation does not reduce 
the category of a set. In an n-dimensional manifold R,, for sufficiently 
small «, catM = cat S(M,«). 

Suppose that (M); is the class of sets of category 21 in R,. (M); 
is a homotopy class. Consider a function f.in R,. We denote by 

c;= inf. sup f(x), 
ME(M); «EM 
the critical value of the function f generated by the class (M)j;. For 
p> 0, ¢; S Citp- 

Now suppose that c; = ¢;;, = c. In the paper cited above it was proved 
that the critical set A on the level surface (f =c) has category 2p+1. 
Indeed, for sufficiently small «, 


catA = cat S(A,e). 


Moreover, we may determine an a> 0, a = a(e), such that each set in 
R, included in (f <c+ a) may be transformed into 


(fsce—a)+S(A,¢) 


by a continuous deformation. 
Suppose that M;,, is a set of class (M)i+p, lying in 


(f<sc—a)+S(A,e«). 
If cat A <p, then for sufficiently small « 
cat S(A,«) Sp, 
cat |Mii, — S(A,«e)] 2 cat M;,, — cat S(A,«) 2 itp—p=l. 


Thus the difference M; = M,,, — S(A,«) is contained in the class (M)j, 
which is impossible (this difference is contained in (f < ¢ — a), supsem,f(*) 
<c—a<c=¢;, contrary to the definition of C;). 
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With the aid of the invariant category one may estimate the number 
of stationary points of a three-times differentiable function f (i.e., the 
number of points at which df = 0) given on a closed manifold A,. In 
fact, the critical set on (f=c) is contained in the set of stationary 
points. Suppose that cat R, = k. Then one may define the classes (M)j, 
(M).,---,(M); of the sets M; of category 2i (1=1,2,---,k). Each 
class induces a critical value 

c;= inf sup f(x). 
M,E(M); xeM; 

Each level surface (f = c;) contains a stationary point. If the numbers 
c; are distinct, then there are not less than k stationary points. If c; 
=Cj;»=c, which means that the level surfaces (f = c,), ---,(f = Ci+p) 
coincide, then on the coincident level surface (f= c) there is a critical 
set A of category 2 p, so that this set contains an infinite set of sta- 
tionary points. 

We may restrict ourselves to special classes of deformations (the 
K-deformations, and introduce correspondingly the concept of K- 
category of a set) with the smallest number of pieces reducible by 
K-deformations to points into which the set may be decomposed. 

The computation of homotopy invariants is quite complicated. For 
the estimation of category and therefore for the estimation of the number 
of critical points, L. G. Snirel’man introduced homology invariants 
(Snirel’man (24|). These invariants, for example the ‘“‘rank’”’, turned 
out to be closely connected with the ring of intersections of the manifold 
in question. Although these homology invariants gave less exact estimates 
in certain cases than the homotopy invariants, they were easier in 
computation, and by means of them it was comparatively simple to 
compute also the category of certain manifolds, for instance of n- 
dimensional projective space, the n-dimensional hypertorus and _ so 
forth. Among the homology invariants introduced later, the ‘‘length of 
a manifold’”’ defined by S. Frolov and L. El’sgol’c as the largest number 
of cycles of the manifold whose intersection was not zero, turned out 
to be very convenient in calculation. 

It is simple from the logical point of view to generalize the concept 
of category to the case of n-dimensional spaces, but the calculation of 
categories then becomes even more complicated. However, it was possible 
to determine the category of certain sets in the space of closed curves 
on the sphere and thus to estimate the number of solutions of the vari- 
ational problem of finding the closed extremals on the sphere or on a 
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surface of genus 0. On such a surface, it turned out, there were always 
three closed geodesics. 

However for other problems, for example for the problem with fixed 
endpoints, to estimate the category of the family of admissible curves 
in a direct way did not lie within our grasp. 

REMARK. For the estimation of the number of critical points we 
require both homotopy invariants (category, the invariants introduced 
by L. E. El’sgol’c [29]), and homotopy invariants (“rank’’, “‘length’’, 
and others). The homotopy invariants yield in general better estimates. 
Thus Borsuk investigated the connection of category with the funda- 
mental group. It follows from his results that the category of a manifold 
F, whose homology structure coincides with the structure of the n- 
dimensional sphere S,, and whose fundamental group is not trivial, 
is not less than 3, so that for any function on F,, the number of critical 
points 2 3, while for a function on the sphere it may be equal to 2. 
Meanwhile, from the point of view of homology F,, does not differ from 
S,. That such manifolds exist was shown by Poincaré, starting with 
dimension n = 3. 


4. Dimension of critical sets. The n-dimensional case. 

We shall consider in the n-dimensional manifold R, classes of k- 
dimensional cycles (z;) such that along with the cycle z, the class (z;) 
contains all the cycles homologous to qz,. Here, as everywhere in what 
follows, g 1s an arbitrary positive number less than p in the case that 
the homologies are taken modulo a prime p, and g is an arbitrary non- 
zero whole number if the homologies are taken modulo 0. 

If the homologies are taken with the real numbers for coefficients, 
then g denotes an arbitrary real number distinct from zero, and so forth. 

We shall say that the class (z,) of k-dimensional cycles z, is subordinated 
to the class (z4)) of (k+/)-dimensional cycles 2,,; by means of the 
class (2,4,) of (n — /)-dimensional cycles, if the intersection of the cycle 
z,_, of (Z,_,) with the cycle 2,4; of (241) is a cycle z, of the class (z,). 
Since the cycle classes (z;,), (Z,4;) are invariant with respect to the de- 
formation operation, the classes (z;), (2,4,) are at the same time homotopy 
classes subordinate one to the other. ' 


THEOREM 2. [f the critical values Cy, Cys, of the function f generated by 
the classes (Z:), (Z4:) coincide, cy = Cr4,;=¢, then the level surface f=c 
contains a critical set A whose dimension is not less than l. 


This theorem may be sharpened. 
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THEOREM 3. If c,,;=¢,=c and A isa critical set on (f= c), then A 
contains an l-dimensional cycle z, not homologous to zero, and such that 
ra re Zn = O, Zn-l = (Zn-1). 


In fact, suppose the contrary. For any /-dimensional cycle z lying 


in A, 2 X 2,_1= 0, where z,_; is a cycle of the class (z,_,). The theorem 
on removing cycles of L. S. Pontrjagin {23] states that if for any /- 
dimensional cycle z, lying in A, z X 2,-1=0, then there exists a cycle 


z,-, homologous to z,_; and lying entirely outside A. Since A is closed, 
there exists an « > 0 such that z,_, lies outside S(A,«). There exists an 
a >0Osuch that every closed set in (f $c-+a) may be deformed into 
(f<c—a)+ S(A,«). Since for any fSc-+a there exists, because of 
the definition of c, a cycle z.4;€ (z4:) lying in the region (f S$c+ a), 
this means that there exists a cycle 2,41:~ 2e41 (Zn41€ (2e4))) lying in 
(f<c—a)+ S(A,c). Write 2 = Zr4: X Z,_.. By definition z, lies in the 
class (z,). Since 2,4,€ (f Sc — a) + S(A,e«), and Z,_, lies outside S(A,«), 
therefore z,, situated in the set-theoretical intersection of 2,4; and 2,_), 
lies in (f Sc — a), and the maximum of f on z, does not exceed c—a 
<c=c,, which contradicts the definition of c,. The theorem is proved. 

We may consider a lattice whose elements are homology classes of 
the manifold, with the class (z,,,) following the class (z,) if the elements 
of the class (z,) are obtained as intersections of elements of the class 
(2,41:) with cycles z, of the class (z,). This theorem indicates the order 
of appearance of critical values of the function f. If the class (z,,,) 
follows the class (z,), the critical values c,, c,,; generated by them satisfy 
the inequality c,<c,4,, or in the case of coincidence c, = c,,; there 
appears a continual set of critical points. 

The largest number of homology classes of the manifold following 
one another coincides with the invariant “length of a manifold” (Frolov 
and El’sgol’c [3]). 


5. Transition to compacta. 

On removal of V -cycles. We shall carry the results obtained above 
to the case of an arbitrary compactum. In the proof of the theorem we 
used the Pontrjagin theorem on separation of a cycle. The theorem was 
generalized by P.S. Aleksandrov to the case of compacta (more generally 
to locally bicompact spaces) M. 


THEOREM 4 (ALEKSANDROV |2a]). Suppose that in the locally bicompact 
space M there is an n-dimensional V -cycle Z” and a closed set A such that 
for any n-dimensional V/-cycle of A the intersection index Z" Xz, = 0. 
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Then the cycle Z" may be removed from A, i.e., there exists a V-cycle 
Z, -homologous to A" and lying outside A, i.e., the support of Z,(*) 
lies outside A (and moreover, for sufficiently small «> 0, outside S(A,e). 

As a consequence of the theorem we prove the following: 

Suppose that Z"*™V Z" xX Z™, where Z", Z™, Z"*™ are n, m, and 
(n + m)-dimensional V-cycles, and z,,, is an (n+ m)-dimensional 
A-cycle such that 2,,,,X Z"*" #0. Then the set-theoretical intersection 
of the support of Z” and 2,,, contains an m-dimensional A-cycle z,, 
such that 2” X z,, ~ 0. 

In fact, suppose that A is the set-theoretical intersection of z,,, and 
the support of Z". If for any m-dimensional A-cycle z, of A we have 
im X Z" = 0, then there exists a V-cycle Z” V Z” whose support lies 
outside A. Suppose that Z"*" = Z"X Z™. We have Zrmy7 7+" The 
support of Z"*” lies in the set-theoretical intersection of the supports 
of Z", Z”, and Z2n4m. But this last intersection is empty. In fact, the 
support of Z”™ lies outside S(A,e), i.e., outside the set-theoretical inter- 
section of the support of Z” and 2,;m. But it therefore follows that 
(Z" XZ”) X Znim = 0. Meanwhile 


(Z"X Z™) X zaim= ZX Znam = Lt X Znim X 0. 


The resulting contradiction proves the assertion. 

Cech gave a definition of the product of the upper V-cycle Z” and 
the A-cycle z,,, of respective dimensions n and n+ m. This product 
is an m-dimensional A-cycle z,, lying in the set-theoretical intersection 
of Z,4m and the support of Z", while if 


(Z" X 2") X Znim ~ O, 
then 
ZL X20. 


The existence of a cycle satisfying these conditions fellows from the 
consequence presented above of the theorem on removal of cycles. 
K-classes of A-cycles. A A-cycle which is a K-set will be called a K- 
cycle. A K-class (z,) will be a family of A-cycles such that along with 
z, in (z,) it also contains every A-cycle homologous to qz,, where q #0 


(‘) The support of the V-cycle U is a closed set B with the following properties: 
(1) for any neighborhood of B, U may be defined by a sequence of functions equal to 
zero outside that neighborhood; (2) B is irreducible with respect to property (1). 
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for homologies modulo 0, 0 <p <q for homologies modulo a prime p, 
and more generally, g is any nonzero element of the group of coefficients 
of the homology. 

A K-class of n-dimensional A-cycles (z,) is subordinated to the K- 
class of (n + m)-dimensional A-cycles (2,4) by means of V-cycles of the 
class (Z”™) if in the set-theoretical intersection of the support of any 
V-cycle Z7”€ (Z™) and any cycle 2n4m Of (Zn4m) contains a A-cycle z, 
of class (z,). 

Suppose that (Z"), (Z”), and (Z"*t”) are homology classes of n, m, 
and (n-+m)-dimensional V-cycles such that Z"°€ (Z"), Z™€ (Z”"), 
(Z" XK Z") E(Z2"""). 

Suppose further that (z,) and (z,,,) are the classes of all n- and 
(n-++ m)-dimensional A-cycles such that for 2,, Zn4m Of (Zn), (Zn+m) and 


LP ie, 
ZL" Xz, #0, 
LOO a oO), 


From the consequence given above of the theorem on removal of 
cycles it follows that the class (z,) is subordinated to the class (2,4) 
by means of the class (Z”). 

If we are given in M a K-class (z,), then it is also a K-homotopy 
class. If a function f(a) is given in M and 

c= inf f(a), 
aE (zn) 
then c is a critical value, i.e., (f= c) contains a nonempty K-critical 
set (Theorem 1). The critical value c will be said to be generated by 
the class (z,). 

Now we shall prove a generalization of Theorem 3 to the case of a 

compactum M. 


THEOREM 5 (FUNDAMENTAL). Suppose that f(a) is a function given on 
M, (2n,) and (2pm) classes of n- and (n+ m)-dimensional A-cycles, 
while the class (z,) is subordinated to (Z,4m) by means of the V-class (Z"). 
Suppose further that c, and c,,, are the K-critical values generated by the 
classes (Z,) and (2n4m): 


C,= inf sup f(a); 
znE (4) @E2pn 


Cie inf sup f(a). 
2n+mE€ (2n 4m) @&2nim 
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If Ch =Cnim =, then the K-critical set A on (f= c) contains an m- 
dimensional A-cycle z, not homologous to zero, for which z,XxX Z™ <0. 


The critical values c, and Cn+m are Connected by the relation c, < Cy4m. 
The theorem states that if this inequality turns into an equation, then 
the corresponding merging level surface contains a critical set of dimen- 
sion not less than m. 

Thus, suppose that c, = C,;m=c¢ and suppose that A is a K-critical 
set on the level surface (f= c). If for any m-dimensional A-cycle zp, 
contrary to the assertion of the theorem, z, x Z"=0, then the cycle 
Z” may be removed from A, i.e., there exists some cycle Z” of the same 
class (Z”) whose support lies outside S(A,«), where « is some positive 
number. There exists a number a > 0 such that any K-set of (fSc+ a) 
may be brought into (fSc—a)+S(A,e) by a K-deformation. By 
definition, c=c,,, and in (fSc-+a) there exists a cycle z,,, of the 
Class (2,4). By a K-deformation it may be carried into a cycle ae 
of the same class (z,,,,), lying in (f<c—a)+S(A,e). In the set- 
theoretical intersection of the support of Z” of (Z") and Znim Of (Znim) 
there is a cycle z, of the class (z,). This follows from the definition of 
subordination of the classes (z,) and (2,4) by means of the class (Z”). 

But since 2,.m lies in (fSc—a)+S(A,e), and the support of Via 
outside S(A,c«), therefore z, lies in (f Sc — a): 

sup f(a) Sc —a=C,-—a<cy, 

aG2y, 
in contradiction to the definition of c,. This contradiction proves the 
theorem. 

ILLUSTRATIVE EXAMPLE. Problem with movable endpoints on the plane. 
Consider on the plane a closed curve p with everywhere continuous 
curvature and a point A within p. 

The family of rectifiable plane arcs with origin at A and endpoint on 
p forms a space JT’ which may be metrized, taking the distance in the 
sense of Fréchet. Suppose that the length of the curve q of T is equal 
to I(q). 

On the curve g we introduce a parameter ¢ such that when a point 
moving along the curve g from A describes a path of length s the end- 
point aj of this path corresponds to the value t = s//(q) of the parameter. 
For t= 1, aj is the endpoint of the curve g lying on the curve p, and 
aj; = A. By a K-set in T we shall mean a closed set of curves q of 7 on 
which the points a} depend continuously on the curve g and the param- 
eter t. For example, the closed set of curves of bounded curvature or 
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the closed set of polygons with a bounded number of sides will form a 
K-set. 

Every K-set M of T may be carried by a continuous deformation 
into a set of rectilinear segments. Suppose that r@ M and a; is the 
endpoint of r lying on p. Denote by D, the rectilinear segment with 
origin at A and endpoint a,;, the parameter ¢ on D, being taken according 
to the rule chosen for g€ 7. Join each point a; of the curve r to the 
point ah of the corresponding segment D, by a rectilinear path a;ap,. 
The deformation D, consists of moving each point a, of the curve r 
along the segment aja», in the direction of ap, with a velocity proportional 
to the length of the latter, so that in a unit time that point coincides 
with a), and the curve r goes into the segment Dr= D,, and the set 
M into the set DM of such rectilinear segments. 

Suppose that Dr is not a normal to p. Then one of the two rays tangent 
to p issuing from the point c= aj which we shall denote by n, forms 
an acute angle a with Dr. We shall transfer the segment Dr = Ac, leaving 
invariant its origin A, and transferring the endpoint c along the curve 
p in the direction of the tangent ray n with a velocity proportional to 
cosa, namely the cosine of the angle between the segment and this 
direction of the tangent. When this is done the length [(Ac) of the seg- 
ment Ac will decrease. ‘The velocity will tend to zero as Ac approaches 
the normal k of the curve p drawn from A. The segments Ad, normal 
to p, remain unshifted. Carrying out such a shift in the course of some 
interval of time, we decrease the lengths of all the segments Ac which 
are not normal to p. Such a transformation is a continuous deformation 
D,. The successive application of the operations D and D, is a deforma- 
tion D,D, leaving invariant the normals to the curve p and decreasing 
the lengths of all the other curves of M. 

Suppose that M, is the set of normals to p drawn from A. For each 
« > 0 we may define an ce; > 0 such that curves q distant from some normal 
in M, by not more than e, recede from that normal by no more than e. 

Further, we may determine an a such that curves of M which differ 
from normals to p by more than e decrease in length under the operation 
D,D by no less than 2a. Further, we lay on a the requirement that all 
the normals of My whose lengths are included between c — ae and c+a 
lie in S(M/?, «), where M?’ is the family of normals of length 1, MPC (J = 1). 
‘Therefore it follows that the functional J has the K-property and the 
critical set on (J =/) lies in the set of normals to p of length I. 

Indeed, suppose that 7” istheset ofarcsof T lying in (ec —a <I <c+a). 
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After the deformation D,D this goes into a set lying in (IJ <c — a) 
+ S(M? «). 

Now we choose a point B inside p and distinct from A. Suppose that 
q, and q2 are two curves of T not passing through B, such that p(41, G2) 
0 where a is a positive number sufficiently small that the points 

, and aj, on p are distant from one another by less than e. 

"Bor a sufficiently small « the points aj, = d, and aj, = dy bound two 
arcs on p, one of which is small than /(p)/3 in length. We denote it 
by d,d»). We denote by f%(q,, q:, B) the function a equal to the index modulo 
2 relative to the point B of the curve g;+ did dy — qp. 

The system of functions f*(q,,q:,B) defines on T a one-dimensional 
upper cycle Zs. (Z') is the homology class for Z}. 

The family of rectilinear segments joining A to the points of p forms 
on 7 a one-dimensional A-cycle z,. The intersection index z, X Z!= 1. 

We denote by (z,) the family of all A-cycles of the class of z,, i.e., 
homologous to z, (homologies are taken modulo 2), and by (z,) the family 
of all the remaining elements of T, i.e., if desired, the family of zero- 
dimensional cycles not homologous to zero. Evidently if a function /(q) 
is given on 7’ and 

c,= inf sup /(qg), 1=0,1, 
ZE (4) geez 
then Co is simply the lower limit of I(q). Evidently cp Sc. Since cy 
and c, are K-critical values (see §1), i.e, (J =c,) and (J =c,) must 
contain nonempty K-critical sets, and therefore nonempty sets of normals 
to the curve p of lengths cy) and ¢,. 

The class (29) is subordinated to the class (z,) by means of Z’. 

If co =c,=c, then (J =c) contains a one-dimensional cycle zZ, con- 
sisting of normals dropped from A to p, of length |, z, X Z, = 1 (in view 
of the fundamental theorem), the 2,, are nonhomologous to zero mod 2. 
A family of segments joining A to p and not containing all the segments 
may be continuously deformed into a single segment and therefore does 
not contain cycles nonhomologous in 7. Therefore if a family of normals 
of length c contains a one-dimensional cycle Z,, nonhomologous to zero, 
then all the segments joining A to points of p are normals dropped from 
A to p and of length ec, i.e., p is a circumference with center at A and 
radius C. These results may be obtained, of course, by elementary con- 
siderations. We have presented them here only as a type of problem 
arising in the solution of more complex problems. 


CHAPTER II 


Application to nonlinear integral equations 


6. Homogeneous operators. As is well known, the Fredholm integral equa- 
tion with positive symmetric kernel has a countable number of positive 
eigenvalues, tending to zero. In the formulation of this theorem one cannot 
drop the requirement of positivity, let alone symmetry. On the other hand 
onemay drop the condition of linearity, replacing it by a more general condi- 
tion of odd homogeneity or simply oddness. Odd homogeneity of an equation 
was considered in our paper [9]. Here we give a more complete theory 
of these equations as an illustration of the general methods. An applica- 
tion of the theory of category to these equations was given in the work 
of Citlanadze [26]. 

For a complete continuous symmetric positive operator L in Hilbert 
space there exists a countable number of normalized eigenelements 


La, == AnQn, 


where 


= 
IIV 
os 
IV 
IIV 


Na 2 tees An > O, A,— 0. 


If}, = Antp = A, the multiple eigenvalue \ corresponds to a p-dimensional 
sphere of normalized eigenelements. 

We shall now consider nonlinear operators L. An operator L is called 
completely continuous if it maps any bounded set in real Hilbert space 
H into a compact set and satisfies a Lipschitz condition: 


| Lo’ — Lol] s Mb’ — d], 


where M is a constant. 
Suppose that a functional f is given in H. The differential df(a;h) 
of f at the point a for the increment hf is the quantity 


(1) df(a;h) = df(a + th) /dt],~o, 


if the right side exists and is a linear functional of h. In this case there 
exists an element g © A such that df(a;h) = (g,h). 
Here the element g depends on a: g = La, 
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(2) df(a;h) = (La,h). 


The operator La generated by differentiation of the functional f is 
naturally called symmetric. In the case of a linear symmetric operator 
the latter is generated by the differentiation of a quadratic functional. 

A positive operator is an operator such that (La,a) > 0 when a +0. 


Now suppose that f(a) is a homogeneous even functional of order k, 
1.€., 


f(— a) = f(a), 
and, if \ > 0, 
f(a) = d*f(a). 


In this case, if La is an operator generated by the differentiation of 
f(a), then 


L(— a) = — La, 


and if \>0, L(\a) = d*"'La. La is an odd homogeneous operator of 
order k — 1. We shall suppose k > 1. 


For homogeneous functions of order & there is an analogue of Euler’s 
theorem: 


(3) (La,a) = kf(a). 
In fact, df(a;h) = (La,h). Therefore 
(La,a) = df(a;a) = df (a + ta) /dt|, 
= [d(1+ #)*/dt}.-of(a) = f(a). 
We shall consider normalized eigenelements a of the operator L: 
(4) La =a, |alj =1. 


and the corresponding eigenvalues i 
If La is generated by differentiation of the homogeneous function 
f(a) of order &, it follows from (3) and (4) that 
kf(a) = (La,a) = \(a,a) = 2. 
We shall write 
fi(a) = kf (a) = (La,a). 
We then have: 


THEOREM 1. Suppose that La is a completely continuous, symmetric, 
odd-homogeneous positive operator in Hilbert space H. There exists a sequence 
of positive eigenvalues >, of the operator L: 
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Apz Ae zee 22s, hn > O, 


tending to zero. If \, = nip =, then to the multiple eigenvalue d there 
corresponds a p-dimensional system of normalized eigenvalues. 


The last part of this theorem will be made more precise in what follows. 
Below in this section and in the following §7, we shall give the proof 
of this theorem. 


ORTHOGONAL TRAJECTORIES 

We shall denote by [b(¢)|§ the strongly continuous image in H of the 
segment [0 <t <a]. Consider the equation 
(5) db(t)/dt = B(d(d)), 
where B is an operator in H satisfying in S(bo, h) the Lipschitz condition 

| BC’) — B(b”)|| < No’ — 6’ |, 

and N is a positive constant. 

We now have the following existence theorem: 


There exists a unique solution [b(é)|§, of the equation (5) which lies 
in S(b9,4) with any initial condition 60(0) = 6,, where 


6, E S(bo, h/2), 


with a defined by A and N. Here b(t) for the segment [0,a] depends in 
a uniformly continuous way on the initial values 6(0). 

The proof of this theorem is an immediate generalization of the proof 
of the analogous theorem for the n-dimensional case by the method of 
Picard. Consider now the equation 


(6) db(t)/dt = Lb(t) — f,(b(t)) 6(0). 


The right side of this equation satisfies a Lipschitz condition in the 
sphere || || < 2. In fact, suppose that || b’|| < 2, ||b”|| <2. We have 


|| Lb’ — f,(b’) b’ — Lb” + f(b”) b” | 
< || Lb’ — Lb” + | Ao) — f,(07) | 107] + | F(O”) | <b” — 67] 
< || Lb’ — Lb” || +|(Lb’,b’) — (Lb”, b”)| - |] o’| 
+ || Lb” |] - "| -]’ — 6” | 
< || Lo’ — Lb’ | + |b’ | - | Lo’ — Lb” || +] Lb" | - |b’ — 67] 
+ | Lb” - 67] -b’ — 6” | 
= | Lb’ — Lb” | (1 +] 8’) +’ — 67] - £67] +”). 
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If we denote by R the maximum of || Lb|| in the sphere ||b|| <2 and 
recall that 


Jo°] S2, fb’ <2, and || Lb’ — Lb” s Mb’ —b’], 
then the preceding implies that 
|| (Lb" — f,(6’) 6’) — (Lb” — f,(6”) 6”) || Ss (8M 4+ 2R)|b’ — 6’ |, 


i.e., the right side of our equation satisfie® a Lipschitz condition. This 
means now that there exist integral curves [6(t)|$§ of this equation in 
the sphere || 5|| < 2 with arbitrary initial values 6(0), where ||6(0)|| = 1, 
and these solutions depend uniformly on the initial values on the seg- 
ment [0,a]. 

Suppose that W(t) = 1 — |/6(#) || = 1 — (6(@), 6(@)). We have 
— 2(b(t), db(t)/dt) = — 2[Lb(2), b(t)] — 2f,(b@)) | b( | 
— 2f,(b(t)) [1 — 6M] = — 260M) v@. 
If for some t we have | b(t) || = 1, then W(t) = 0. In the sphere 

Jo <2, JAC) | =| Lb, 5] Ss] Ld] - |b] s2N 
and therefore the solution of the equation 
w(t) = — 2f,(6()) VO 

under the initial conditions ¥(0) =0 is v(t) =0. Therefore, if the point 
b(0) lies in S, |b(0)|| =1, vd) =0, | b(@)|| =1, and the entire curve 
b(t) lies in S. 

Since not only [b(t)] but also [— 6(é)] satisfies equation (6), we may 


say that [b(t)] is a curve on P. 
Further 
df,[b(t) |/dt = (Lb(t), db(t) /dt) = (Lb(t), Lb) — filb()) (Lo), 00) 
= (Lb(t), Lb(t)) — [Lb(t), b(t) FF. 

Because (b(t), b(t)) = 1, it follows from the Schwartz inequality that 
the right side of this equation is always nonnegative and is only equal 
to zero when b(t) is an eigenelement. The curves [b(t)| will be called 
orthogonal trajectories for the level surface f, =c, with the parameter 
t increasing on them with increasing f,. If 6(0) is an eigenelement, then 
the curve [b(t)] degenerates into the point 6(0). 


v' (t) 


! 


7. Compact parts of projective space P. 
Compact sets on P. The condition that the set A is compact in H is 
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the existence of a sequence of numbers a, such that a,— 0 and for any 
aC A,|R,al| Say; if a = (1,4, --+,@n,Qn41,---), Where the a; are the 
components of a in H, then 


ka = (0, 0, ai -, 0, Gn+15 Qn+i2, a° -). 
Since La is a completely continuous operator, then for any a© S$ 
(7) | R,La | Sa, 


where a, is a fixed sequence of positive numbers and a,—0. 
Consider on S or P the region (/; 2c), where c > 0. If a is an eigen- 
element in this region, La = \a, \ = /f,(a) 2c and from (7) 
(8) | R,al| = (1/d) | 2,£a]] Ss (1/c)| R,Lal| S a,/c. 
We select from {a,} a subsequence {a,,} such that > on, converges 


(for example a,, < 1/2"). Denote by P, the compact set in P or S de- 
fined by the system of inequalities 


(9) hh = C, | R,,| = 2an,/C, 


where we restrict ourselves to those inequalities in which an, <¢/2, the 
others being fulfilled automatically, since we always have 


| R.a] Sila] =1. 


From (8) all the eigenelements lying in (f, 2c) belong to P.. 

Suppose that n; is the smallest of the numbers n, in (9) such that 
An, <C/2. 

We put n2N,, so that 


(10) | R,Lal| Sap S ap, < ¢/2. 
For each a, where a = (4), 4», ---,@,,Gn43,°°:), we write 


A,a = (dj, G2, --+,a,,0,0, . ++), 


Evidently 
a=A,a-+ R,a. 
If 
a€ (h2oc), 
then 


(La,a) = f,(a) 2c. 
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But 
(La,a) = (A,La,A,a) + (R,La, Ra), 
(R,La, R,a) <||R,Lal| || Ral) < (c/2) -1 =¢/2, 


so that 
(11) (A,La, A,a) = (La,a) — (R,La, R,a) > ¢ —c/2 = c/2, 
from which 
| A,(a) || #0, 
if 
a€(f,> 0c). 


THE DEFORMATION D 


We now choose m = n,, where n; is the quantity just defined. 
We define a deformation D,,: 


FIGURE 1. 


(1) If | #,al| S$ 2a,,/c, then D,a = a. 
(2) Suppose that | A,,a|| 2 2a,,/c > 0, while the first two terms differ 
from zero. We verify that in (f,; > c) 


| A, (a) || 0. 


We define the deformation D,,a of the element a in the following way. 
Through © and both the orthogonal nonnull elements A,a and R,,a 
we pass a plane and in it a circumference q of radius 1 with center at 
Q. The element a lies on g, as in Figure 1. The deformation D,, for the 
element a will consist in moving the element a along the circumference 
qg in the direction of decreasing norm of the component f#,,a, so long as 
it does not become equal to 2a,,/c. 

If the element a moves along gq, describing the arc da > 0 im the direction 
of decreasing || f,,a||, then 
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| Ra | | Anal 
— R,,a da. 
J Anal | Rn || 


(12) re (Ano 


If 8 is a portion of the arc q included between a and A,,(a)/||Anal, 
then sin f = || R,,a|. 

Since 6 < 2sin6 = 2||R,,a||, and the shift of the element a under the 
deformation D,, does not exceed 8, then 


|| Dna — al] S| Rnal. 


The operation D,, defined in this way is a deformation, with the following 
properties: 


(1) if b= D,a, then | &,,6]| S 2a,,/c; 
(13) (2) |o—al S| Fal; 
(3) f,(6) = fi(D,,a) 2 f,(a). 


Indeed, if a receives a differential increment da defined by formula 
(12) for da > 0, then 


df,(a,da) = (La, da) = (A,,La, A,,da) + (R,,La, R,,da) 


| Ra | | A,,a 5 
— (R,,La, R,,a) d 
| A,,al (Ral) 


= | (AgLa, A,,a) 


Since [see (11) and (9) | 
(A,,La,A,a) >c/2, ||A,al| Ss lal] = 1, 
(R,,La, Rpa) S| RpLal - || Rnal| S onll knell, 
therefore 
df,(a,da) 2 ((c/2)||R,,a|| — am) da, 
so that if || R,a|| = 2a,,/c, 
df,(a,da) = 0. 


Thus under the described shift along the circumference g the function 
f; increases as long as | R,,a|| remains larger than 2a,,/c. Therefore (13) 
follows from the definition of the deformation D,,. 

Now we apply successively the operations D D 
element a of (f/f, <c) (for all k>1). We write 


a, = D,,D D,. a= Dy, Qn—1- 


Mey 4 


nz4y> Dnji***» Dn, to the 
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Since 
Q,1= Dy, @e-2 and ||R,, asi] S 2an,_,/c, 
| R,,a | Ss | Ra, 4 ! = Lan, _,/€; 
then, because of the property of D, mentioned above, the shift 
|a, — a,_,|| S ZO ae. 


The series Dkqi+1 (2an,/C) converges, and along with it the series 
> bei¢1 (@, — @y_1) as well and in fact absolutely. 
The sequence 


Gp Dn, Dr, _ ie Dri, 


converges uniformly in the entire region a € (f, = c). 
Suppose that a,—a,. 
The operation D. 


Da = a= lim (D,,D 
ka 


is a continuous deformation of the region (f/f; = c). Since for the element 


a 


D,,.. .a) 


Mp-y °° A Nia] 


a, = Da, | R,, Dall S$ 2a,,/c, 


therefore Da lies in the compactum P,. Further 


(14) f,(Da) 2 fi(a) 2 ¢. 
Thus the operation D converts all of (/; 2 c) into the compact portion 
jae C (fi 2 c) 


of this region, P, remaining invariant under this deformation. 

The operation D". In the following section we shall need an operation 
related to D,. Suppose that z, denotes projective k-dimensional space, 
in fact the k-dimensional unit sphere R,,,a = 9, ||a|| = 1 with identifica- 
tion of opposite elements. 

Further, suppose that /; is the ith unit coordinate vector: 


A;44:= 0, Al=l:, Rl = lb. 
The pair (l;, —1,) lies in z, for 1=1,2,---,2+ 1. Further, 
fli) = (20,0) = (Rib, Rial) S| Revi] | Ai-1L4 
< | R_-.L4 S a. 


If c2a;, then |; does not lie in (f; 2c), and thus also z; does not lie 
in (f,2 ¢). 
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Further, for a fixed c in the region (f/f; 2c), and in particular in P,, 
we have | R,a|| <d <1 for sufficiently large n. We define an operation 
D” converting the region (f/f; 2c) into the part z,. Indeed, if A,a = 9, 
so that a € z,_1, we leave a unaltered. If R,a ~ 0, we pass a plane through 
the elements 6, A,a, R,a and in it a circumference of unit radius with 
center at 0, on which a lies. The operation D” will consist in shifting 
a along that circumference in the direction of decreasing || R,,,,a|| so long 
as this projection does not become equal to zero, i.e., so long as a does 
not fall into 2,_;: D,a €z,_,: D” is a deformation carrying (f; 2 c) and, 
in particular, P,, into z,_,. For sufficiently small c’ > 0, z,_, hes in P, 
and the operation D” carries P, into its subset z, inside Py. 

The operation G. We define the following operation G on the compact 
set P.. 

(1) if a is an eigenelement lying in P, 

Ga =a; 

(2) ifa€ P, is not an eigenelement, then we may pass a normal tra- 
jectory [b(t)|¢ through a which satisfies equation (6) and the initial 
condition 6(0) =a. 

As was proved above, for t> 0, f,(6(t)) > f,(6(0)). 

For fixed ¢) > 0, we denote by a, for 0 St St, a, = D[b,(t) |. Evidently 
ay = Db(0) = Db(0) = Da = a (since a€ P, and the operation D does 
not alter P.). For a a noneigenelement we put 


Ga = a,, = D[b,(to) J. 
We have [see (14) ] 
f,{ Ga] = f,[ D(ba(to)) | = fi(bo(to)) = f1(b.(0)) = fi(a), 
while, if a is not an eigenelement, b,(t)) ~ 6,(0) =a, 
fi(ba(to)) > f(a) and f,[Ga] = f(a). 


Thus G is a deformation of P, into the set of its elgenelements, not 
changing the eigenelements and increasing the values of f, on the re- 
maining elements of P.. 

Suppose that A> ec. 


Lemna 1. The critical set on the level surface (f, =) in P, is contained 
in the set A of eigenelements corresponding to the eigenvalue » (all of these 
elements lie on (f; = X)). 


In the course of the deformation G the set A does not change. For 
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any «>Q we may find an «,>0 such that the elements of S(A,«,) 
remain after the operation G in S(A,e). 

Choose a 6 > 0 such that the eigenelements of (A — 6 < f; < +4) lie 
inside S(A,¢,). Further, we may choose an a > 0 such that the elements 
of P, lying in the region (A — 6 S$ f, S \ +6) and outside S(A, «,) increase 
the values of f,; under the operation G by 

2a = min} f,(Ga) — f,(a)}, 
ac{P.X(A-6Sf,Sd+ 9}, 


(since the set on which the positive function f,(Ga) — f,(a) is being con- 
sidered is compact, so that its minimum 2a is positive). Suppose that 
a, is smaller than the two numbers a and 6. The entire portion of P. 
lying in the region (A — a; Sf) goes under the operation G into the 
portion of P, lying in (A+ a</f,) + S(A,¢). In fact, if a@ S(A,.«,), it 
remains in S(A,«). If a lies outside S(A,¢), in (A—a, $f, S$ A+ a)), 
then f(a) receives an increment not less than 2a,, and a goes into (f; = a). 
If a was in (f/f; 2 \+ a), then it remains in this region. 

Thus the lemma is proved, because of the definition of critical set. 

8. Homology in P and its application. 

V -cycles. Suppose given two elements (a, — a) and (b, — 6) in P. The 
distance between them in P is the smaller of the numbers |a — 6b], 
|a + 5||. Suppose that this distance is less than « <1/2, and, for ex- 
ample, ||a — d|| <.. 

We denote by f;(a, 6) for which ||a — b|| <«, equal to zero if the ith 
coordinates of the elements a and 0 have the same sign, and 1 if they 
have different signs. Since f(a, 6) = f{(— a, — 6), therefore f; is a func- 
tion of pairs of elements of the projective space P, defining in it a one- 
dimensional V-cycle X;. All the X} are V-homologous to one another. 

Denote by (X') the family of all cycles V-homologous to X* in P. 
Here by V-homology in P we understand V-homology mod 2 in all 
P. for all sufficiently small c. 

The projective spaces z, are n-dimensional A-cycle- in all the P, in 
which they lie. 

Denote further by X”" = X}X X:X---X X, an n-dimensional V- 
cycle, the Alexander product of n cycles from the class (X"). By (X”) 
we denote the class of V-cycles V-homologous to xX”. 

Suppose that the A-cycle x, lies in P, and P,. The intersection index 
x, X X" in P. and P. is the same. We shall therefore speak simply of 
the intersection index x, X X”. 
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Denote by (x,) the class of A-cycles of arbitrary P,, for which x, X X” # 0. 
LEMMA 2. The projective space z, lies in the class (x,). 

For n =1 this is verified directly: X}; X x,=1. We find 
X" X 2, = (XX XZ X «+ K Xa) K &. 


Suppose that the V -cycle X; induces in the projective space z, the 
1-dimensional V-cycle X/, i = 1,2,---,n. Since X/ X z,;= 1, the cycles 
X; are 1-dimensional V-cycles in z,, dual in it to the projective line. 
Therefore the 1-dimensional V-cycle Xj; is equivalent in z, to an 
(n — 1)-dimensional projective hyperplane. And the intersection index 
(Xi Xi x .-- x X}) Xz, in 2, is equal to the intersection index of n 
such (nm — 1)-dimensional hyperplanes in z,, 1.e., to 1. 

Thus 


xX” XK 2, = 1, 


The lemma is proved. 


LEMMA 3. Each cycle x, of the class (x,) 1s homologous in P to the pro- 
jective space 2p. 


Suppose that x, © P.. For some c’, 0<c’ <c, P»-C 2, k =n, and by 
a continuous deformation in P,, P, goes into z,. Here x, goes into a A- 
cycle x, of z,, dQ-homologous to x, in P,. Since X” X x, = 1, therefore 
X” X xX, = 1, and this intersection index is also equal to 1 in z. There- 
fore x, is nonhomologous to zero in z, but each n-dimensional A-cycle 
not homologous to zero in the projective space z, is homologous to z, in 
it. Thus x, and hence x, as well is homologous to 2z,. 

We turn to the proof of the fundamental theorem. 

Let 
(15) An = sup min f(a). 

XnE (Xn) aExXp, 
If 0<c<hd,, then (f;2 cc) contains cycles x, of class (x,). 

By a continuous deformation (f,; = c) goes into a compact set P., while 
the values of the function f,(a) do not decrease under this deformation. 
The cycle x, of (f; 2 c) goes into a cycle x, of the same class (x,), in P.. 

Denote by (x,). the collection of all cycles of (x,) lying in P.. The 
class (x,). is nonempty. Write 
(16) (\,)e= sup min f,(a). 


InE (Ine TEX, 
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We have 
One = An: 


In fact, since the class (x,). 18 a part of the class (x,), it follows from 

(15) and (16) that 
An 2 (nde. 

Further, in the definition of , by formula (15) it is sufficient to restrict 
the x, of (x,) to those which lie in (f, => c). But under the deformation 
D each such x, goes into an x’, of the class (X,)e> With 

min f,(a) = min f,(a) 

GExXy, GEXp 
since the values of the function f,; do not decrease under the operation 
D. Hence Xd, S (A,)c. 

Thus d, = (A,). is a critical value of the function f on the compact 
set P., defined by the class (x,).. Therefore (f; = ,) must contain a 
nonempty critical set, which from Lemma 1 consists of eigenelements 
corresponding to the eigenvalue \,. 

Thus the existence of the sequence i, is proved. Evidently 


Lae hes. Xie SO. 


We shall show that \,—>0 as n— o. Suppose on the contrary that 
there exists a c > 0 such that all \, >c. Then for any n the set (f2 0), 
and thus P., would contain cycles of the class (x,). But there exists a 
k such that P, deforms into z, under deformation into some P, with 
0<c’ <c. Under this deformation the cycle x,,, of the class (x,4,), 
included in P., goes into a cycle x,,, of the same class, lying in z,. Hence for 


XA = (XIX XDX ++) xX Xb), XX a= 1 


this product may be considered in the k-dimensional projective space 
z,, and we arrive at the following contradiction: the product of (Rk + 1) 
one-dimensional V-cycles in z is necessarily homologous to zero, and 
that index must be equal to zero. 

Thus the existence of such a number c > 0 leads to a contradiction 
and \,— 0. 

It remains to consider the case Ay = Anyp = A. Suppose that 0 <c <.X. 
In P. we have the following: ) is a critical value generated by the classes 
(x,)- and (x,,,).. The class (x,). is subordinate to (%:4,)- by means of 
the V-class (X”). Because of the general theorem, the critical set on 
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(f =) contains a p-dimensional A-cycle x, such that x,xX X?=1. By 
Lemma 3, x, is homologous to p-dimensional projective space Zp. We 
have proved the last part of Theorem 1 with the following sharpened 
statement: 

If Xn = Antp = X, the eigenvalue d corresponds to a set of normalized eigen- 
elements, containing a p-dimensional cycle, homologous in P to p-dimensional 
projective space. 


9. Odd operators. Suppose that f(a) now denotes an even and continu- 
ous, but generally speaking nonhomogeneous function, f(— a) = f(a). 
Suppose that f(a) is differentiable: df(a;h) = (La,h). The operator La, 
generated by the differentiation of f, is a symmetric operator but odd: 
L(— a) = — La. We write (a) = (La,a). We take y(a) > 0 for a +0, 
i.e., L is a positive operator, and in addition we suppose that f(a) —0 
if y(a) 0 and that for each a > 0 one can find a 68> 0 such that if 
y(a) <a then f(a) < 6. For a= 6, f(@) = 0. 

Application. If ||a|| = 1, f(a) > 0. In fact, if 0<t 31, 

© ta) = sh da = df(ta,a) = - df(ta, ta) > 0. 

f(ta) increases for 0<t<1 and if f(@) =0, f(ta) 0 as ¢—0, then 
f(a) =f(.-a)>0. 

As before, elements a for which La = da, |a|| = 1, and ) is an eigen- 
value will be called normalized eigenelements. 


THEOREM 2. Suppose that La is an odd symmetric positive completely 
continuous operator, satisfying the supplementary condition posed above. 
There exists a sequence of positive eigenvalues },,d2,--+,An, +++, Where X, 
— 0 and for the corresponding eigenelements a, the numbers yu, = f(a,) form 
a nonincreasing positive sequence tending to zero. If un = unyp =n, there 
exists a set of eigenelements a for which f(a) = pu, containing a p-dimensional 
A-cycle, homologous in P to p-dimensional projective space.(’*) 


The proof of this theorem repeats the proof of Theorem 1. Consider 
the region (f >d> 0) in P. There exists a c>0 such that this region 
is contained in (y = (La,a) = c). This last region may now be carried by 
a deformation analogous to the deformation D into some compact set 


() V. Sobolev considered (in his dissertation [25]) a somewhat different class of odd 
operators. 
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P,, containing all the eigenelements of the region (y = c), and thus also 
of (f < d), while the elements of P. do not move under this deformation, 
and the values of f(a) do not decrease. We write Py = P,. X (f = d). Thus, 
(f = d) goes into Py. Further, repeating all the preceding considerations 
with P, replaced by the compact set P,, we find that if 
Hn= sup max/(a), 
In & (Xp) 

then there are normalized eigenelements on f = u. If, for such an eigen- 
element, La, = \,@,, then f(a,) = uw, and y(a,) = L(a,,a,) = \,, and A, — 0. 

Just as in the preceding case, f(a,) = u,— 0, and »},—0 along with u,. 
Further if we have a merging un= unyp = vw, the level surface (f = u) 
contains a p-dimensional A-cycle not homologous to zero, consisting of 
eigenelements homologous in P to the projective space 2p. 

EXAMPLE. Suppose that K;(s,, 52, ---,S2;) is a kernal for which 


1 1 1 2u 2 
i i ff K(sy, 82, «++» 82:) [] (s;) [] ds; > 0 
0 Jo 0 j=l or 
for any ¢ for which 
1 
if o’ds = 1. 
0 
Consider the equation 
n 21—1 21-1 
2 [Of J Kn 80 800 [I o(s,) [] 4s; 
fet 0 0 0 j=l j=) 


1 
= ro(a)e [ o’ds = 1. 


There exists a countable set of “‘eigensolutions” ¢,(x) of this system and 
corresponding eigenvalues 4, satisfying the above theorem. 


CHAPTER III 


Critical Sets of Geodesic Curves 


10. Spaces R of curves with common endpoints on the sphere. 

Fréchet metric. Suppose given in a metric space two arcs p and r 
which are images of [0,1]. We set up parametric representations of the 
curves p and r. To each point ¢€ [0,1] there correspond points a, and 
b, on the curves p and r, continuously depending on ¢t. The distance in 
the sense of Fréchet between the curves p and r is the lower limit with 
respect to all parametric representations of the maximum distances be- 
tween pairs of points a, and b, of the curves p and r corresponding to 
common values of the parameter. 

Suppose that m and n are closed curves, continuous images of the 
circumference. On m and n one may introduce cyclic coordinates ¢ with 
the same period 1, so that to each ¢€ [0,1] there correspond points 
a, and b, of the curves m and n, with dj) = a, and b) = b,. The Fréchet 
distance p(m,n) of these curves is the lower limit with respect to all 
possible parametric representations of the maxima of the distances be- 
tween pairs of points a, and 6, on the two curves with the same values 
of the cyclical coordinates. 

In what follows RA, will denote an n-dimensional three-times differ- 
entiable closed manifold. The number h=A(R,) denotes a_ positive 
number depending on the manifold A, such that a geodesic arc ab on R, 
of length </ with endpoints a and 5b yields the minimum length for 
curves joining a and b. 

Suppose that ab is an arc joining the points a and 6 and of length 
<h. The minimal geodesic arc ab joining a and b is called the chord 
spanning the arc ab. Suppose that a =a(6) is a positive number de- 
pending on the manifold #, and on the number 6 > 0, such that if the 
difference between the lengths of ab and ab is less than 6, the Fréchet 
distance between ab and ab is less than a= a(6). If 5— 0, a(6)— 0. 
Thus to each manifold #, there correspond the constant h and the func- 
tion a(é). 

Deformation of a family of curves. Suppose P is a family of segments 
or circumferences, given abstractly, such that one may establish a 

28 


CURVES WITH COMMON ENDPOINTS 29 


distance between curves p € P and points on them. To each point a, of 
the curve p we relate a point m(a,, p) on R,, where the function m (dp, DP) 
continuously depends on a, and p. The collection of points m(a,,p) for 
a fixed p and all possible a, constitutes a curve m(p), namely the image 
of p on R,. The collection m(P) of all curves m(p) is called the image 
of the family P, defined by the function m(a,, DP). 

Now we assign to each point a, of each curve p of P and to each 
value of the parameter t€ [0,1] a point m(a,,p,t) on R,, depending 
continuously on the point a,, the curve p, and the parameter ¢t. For a 
fixed ¢ the functions m(a,,p,t) define on R, a family of curves m(P,?), 
the image of the family P. The transformation carrying m(P,0) into 
m(P,1) is called a continuous deformation of the family Py) = m(P,0) 
as the image of the family P. If m(a,,p,0) =a,, so that Py) =P, we 
speak simply of deformation of the family P. 

The space R of arcs on the sphere with common endpoints. Suppose that 
S, is a Riemannian three-times differentiable manifold, homeomorphic 
to the n-dimensional sphere. By R = R(S,,a, 6) we denote a metric space 
whose elements are rectifiable curves, images of straight lines, joining 
the points a and b on S,, with the distance p(p,q) between two curves 
p and gq on R defined in the sense of Fréchet. Let [(q) be a functional 
on Rk denoting the length of the curve g. The collection of all curves 
q in R for which the length does not exceed N, I(q) = N, is a compact 
portion of R, denoted by Ry. 

Suppose that p is a curve of R. We shall move along p in the direction 
from a to 6. If s is the arc length described in moving from a along p 
to the point c of this curve, we say that this point c corresponds to a 
value of the parameter t equal to s/I(p). Here the origin a of p cor- 
responds to the value t = 0, and the endpoint 6 to the value t= 1. The 
parameter introduced in this way is called normal. The point of the 
curve P corresponding to the value ¢ of the normal parameter is de- 
noted by a;. 

A closed family B of curves of R is called a K-set if on the curves 
p of B the points a, depend continuously on the curve p and the normal 
parameter ¢. For example, a closed family of geodesic polygons with a 
bounded number of sides or a closed family of curves with bounded 
curvature is a K-set. 

Each K-set B may be considered as the image of some set Bo = m~*(B) 
of segments [0, 1] of the real line, so that to the points 0 and 1 of these 
segments there correspond the points a and 5. A segment whose image 
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is a curve pC B will be denoted by m‘(p). To the number ¢ of the 
segment m‘(p) there corresponds the point a, of the curve p. The 
topology on the segments is set up so that to a neighborhood of the 
curve p on B there corresponds a neighborhood of the corresponding 
segment m~‘(p) on Bo. A deformation D of the family of curves B is a 
deformation of this family as an image of m~‘(B). 

If d is a double point of the curve p, i.e., it corresponds to two values 
of the normal parameter, ¢ and t,, Ott, <1, then it goes generally 
speaking as a result of the deformation into two distinct points. 

A K-deformation in Ry is a deformation of a K-set in Ry such that 
it goes anew into a K-set. A K-deformation in & is a K-deformation in 
some Ry. 


11. Critical sets in R. 


THEOREM 1. The functional I(q) in R has the K-property, anda K- 
critical set on I =I 1s contained in the set A of geodesic arcs of length | 
joining the points a and 6b. 


In other words, for any « > 0 there exists an a > 0 such that any K-set 
of (f <!+ a) may be deformed into 


(I <l—a)+S(A,e). 


Suppose given an arc cd of length <A and the chord cd d spanning it. 

We shall define a deformation carrying the arc cd into cd, as follows. 
We introduce on both arcs the normal parameter ¢ so that the point c 
on both arcs corresponds to the value 0 and the point d to the value 
t= 1. We join points |, and lf of the arcs corresponding to a common 
value of the parameter t by a minimal geodesic 1,l/. The deformation 
which consists in moving the point J, along the arc /,lf with a velocity 
proportional to the length of 1,lf into the position of lf. As a result 
cd goes into cd. 

For each 6 with 0 <6 Sh we may find an a = a(6) such that if I(cd) 
— I(cd) < 6, then the entire path l,l; is smaller in length than a(6), 
with a(5)—0 as 6—0, the function «(5) depending on S,. 

If one is given a K-set M, and on the curves gq of this set normal 
parameters, and if all of M lies in the region (J <!+ 1), then, taking 
n> 4(l+ 1)/h, we obtain an arc ajajt"’” of the curve gq corresponding 
to the interval (¢,¢-+ (1/n)) of the normal parameter, in length less than 
h/4. We shall take n to be even. On each curve gC M, we select n+ 1 
points 
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O __ l,n in (n—l),a } 
a, = a,a, »° °°, Ag »°°*,Qy a. = 0. 


We define an operation D as follows. Each arc 
Tal a eg J a 0, 2,4, Pity Pome 2 


of the curve will be deformed by the method described above into the 
chord spanning it. 

After this deformation q goes into a geodesic polygon p. The points 
a;",t = 1,3, ---,m — 1 go into the midpoints ); of the sides of that polygon. 
Now we replace the arc b;b;,. of the polygon p (consisting of two adjacent 
sides of the polygon) by the spanning chord 0;b;,,. We obtain a new 
polygon r. The passage from q to r defined in this way is the deforma- 
tion D. 

The deformation D does not change geodesic curves joining a and b. 

Suppose that A is a set of geodesics joining a and 6b and of length I. 
For any « > 0 there exists an e, > 0 such that all curves lying in S(A, e,) 
remain after the deformation D in S(A,e). (Curves sufficiently close 
to geodesic curves change arbitrarily little.) Further, for any «,; > 0 there 
exists an e, > 0 such that all the geodesics joining a and 6b whose lengths 
he within the limits /— «, and /+ e, lie in S(A,.«,). 

Ifin the first part of the deformation D the curve p(l — e. < I(p) <l+ e) 
is changed by a sufficiently small number 7 > 0, it lies arbitrarily close 
to a geodesic polygon with n sides. In addition, if » <l/2n then under 
the deformation D no arc corresponding to one of the intervals 
(j/n,(j + 2)/n) of the parameter ¢t reduces to a point. If in fact such 
an arc did reduce to a point, the length J would have to go down by 
at least 1/2n. 

Suppose that after the first part of the deformation q goes into a 
polygon p = Dg. 

If in the second part of the deformation D the length of the polygon 
decreased by a sufficiently small amount, this means that the angles of 
this polygon are arbitrarily close to 7. Thus if the decrease of the length 
of the curve g under D is sufficiently small, the curve hes arbitrarily 
close to a geodesic polygon with sides which are not points, and whose 
angles are arbitrarily close to 7. Such polygons in turn, with angles 
arbitrarily close to , lie in an arbitrarily small neighborhood of a 
geodesic arc. 

We may choose an a > 0 which is arbitrarily small, and with a S «, 
so that every curve q of (1 — ¢2 S$ I S$! + €) which does not lie in S(A, €,) 
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decreases in length under D by at least 2a. If q lies in (J -—a S$ / Sl+a), 
then Dg falls in (J < 1 — a). Curves of S(A,«,) remain after D in S(A,«). 
Curves of | <1l—a remain in the same place after the operation D. 
Thus each K-set of (I <!+ a) goes into (J <!—a+S(A,«)). The the- 


orem is proved. 


12. The space P of closed curves on the sphere. Consider on S, the 
collection P of all closed continuous images of the cirele. We introduce 
a metric, defining the distance between curves q and q, of P in the 
sense of Fréchet. [(q) is a functional in P denoting the length of q C P, 
Py a compact portion of P defined by the inequality If < N. 

Each S, may be considered as an n-dimensional Euclhdean sphere 
with a given Riemannian metric. Suppose that B is the family of all 
the circumferences of that sphere. 

We shall call a deformation of a portion of B normal if sufficiently 
close arcs of sufficiently close circumferences on the sphere go into arcs 
of curves arbitrarily close in length. 

A K-set on P is the result of a normal deformation of a family of 
circumferences of B. 

Suppose that A is a K-set, the result of a normal deformation D of 
a set of circumferences B’ C B. We subject A to a deformation D, as 
the image of B’, so that D,D is again a normal deformation of B’. Such 
an operation D, is called a K-deformation. It carries a K-set into a K-set. 

The deformation D’. We define the following normal operation. On the 
family of all circumferences B on S, it is not possible to define the direc- 
tion of traversing all the circumferences in a unique and continuous way. 
But for a sufficiently small « > 0 in the neighborhood S(r,«) of a given 
circumference r it is possible in a continuous way to introduce a uniquely 
defined order of circuiting all circumferences entering into S(r,«), and 
also to choose a point on each circumference of S(r,«) in a continuous way. 

A K-set A is a continuous image of some portion B’ of the set B of 
circumferences: A = D(B’). Each curve p = D(r) of A is the image of 
a circumference r= D~'(p) C B’. To the neighborhood U.(r) of the cir- 
cumference r: U,(r) = B’ X S(r,e«) there corresponds a set V,(p) 
= D(Ur)) of A. On all p’ = Dr’ of V.(p), i.e., images of the circles 
r’C U(r), one may uniquely and continuously establish a direction of 
circuit and choose a point on each, (continuous from the point of view 
of the topology of the preimage U,(r) = D~’V,(p)). We shall now regard 
as the distance between the images p = D(r’) and p,= D(r”) of two 
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circles r’ and r” the distances between the preimages r’ and r”. If one 
and the same curve p of A is the image of two circumferences r’ and 
r” of B’, we will consider that curve as a pair of coincident images, 
with the distance between p = D(r’) and p = D(r”) being regarded as 
distinct from zero. The continuity of the choice of points and directions 
on the curves p of A is understood relative to that metric, i.e., relative 
to the preimages D~‘(p). 

Suppose that on the family B’ of circumferences there are chosen 
continuously both directions and points. Thus they are chosen continu- 
ously on the K-set A” = D(B”), in the sense mentioned above. Suppose 
that on p there have been chosen a point a, and a direction of circuit. 
Choose on p a cyclic parameter ¢ such that the point a, corresponds 
to the value ¢ = 0 of the parameter. On moving along p from the point 
a, in the direction of positive circuit of the curve p and describing an 
arc of length s, we attach to the endpoint of that arc the value ¢ = s/I(p) 
of the parameter. Such a parametrization is called normal. As ¢ goes 
from 0 to 1 we circuit the entire curve p. 

The point a’ denotes that point of the curve p corresponding to the 
given value of the normal cyclic parameter ¢. We have a, =a, = 4). 

Suppose that n is an even number such that I(p)/n <h/4. We mark 
off on p a cyclic system of n points ap = a,,a,/",az”, ---,a’"”", a) = ap. 

Now we carry out the following deformation of the curve p as the 
image of some circumference r. We contract each arc aj/"aj/t”” with 
n even, 


}=0,2,---,n — 2, 


into the corresponding chord. 
As a result the curve p goes into a geodesic polygon p’ with n/2 


sides and vertices a/’”, with j even, j = 0,2,---. The points all”, i=l, 
3,---,n — 1, odd, go into points b;, the midpoints of the sides of the 
polygon p’. 


Now we replace each arc 6,642, i = 1,3,5,---,2 — 1, of the polygon 
p’ by the chord spanning it. As a result of this operation p’ goes into 
a new geodesic polygon p” with vertices at the midpoints of the sides 
of p’. The successive application of two such operations to any curve 
q of the set A’ = D(B’) isa K-deformation D’ of the K-set A (we need 
only that n> 4l/h, where | is the maximum length of curves of B’). 
D’ leaves unchanged the curve q if it is a closed geodesic, and otherwise 
always reduces the length. D’ changes by arbitrarily little a curve q 
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which is sufficiently close to a closed geodesic, and, conversely, decreases 
by some number a = a(é) > 0 the lengths of curves which are distant 
from any closed geodesic by the distance 6 > 0. 


13. Critical sets in P. 


THEOREM 2. The functional I(q) in P has the K-property, anda K- 
critical set on (I =1) in P consists of closed geodesics of length l. 


Now suppose that the K-set A = D(B,) is the image of a set of cir- 
cumferences B,, and suppose that |, is the maximum length of curves 
of A: l, = 1>0. We denote by B, the portion of the set of circumferences 
B, consisting of elements of B, whose images on A have length 2 //2, 
i.e., D(B,) C (I = l/2). For a sufficiently small »>0 on each circum- 
ference of the neighborhood U,(r) C S(r,n)(*) of a circumference of B, 
one may choose a point and establish an order of circuiting, in a con- 
tinuous way. 

The closed set Az is covered by the system of neighborhoods U,(r). 
If m is the dimension of B, then one may choose the neighborhoods 
U,(r;) such that no more than (m+ 1) of them have common elements. 
We choose a finite number of circumferences 1, ro, ---,7,, such that the 
system U,(r,),---,U,(r,) covers Ao. Further, we choose larger neighbor- 
hoods U, (r;) such that in them, as before, we may choose a continuous 
system of circuiting the circumferences entering into them and of assigning 
a point on each circumference, and, as before, no more than (m-+ 1) of 
them intersect. 

We denote by V; and V; the images on A of the neighborhoods 
U, (ri) and Uri). 

On all the curves p of Vi we may choose a point a, in a continuous 
way, and establish also an order of circuiting in a continuous way. Thus 
we may introduce in a continuous way a normal parameter ¢. We denote 
by a5 the point of the curve p corresponding to the parameter ¢. The 
points aj’”, j = 0,1,---,n — 1, form a cyclic system of points, chosen in 
a continuous way on the curves p of V+. For the curves p of the narrower 
neighborhood V; we put 


J gli + 2)in 
6b, =a, 


Thus we have chosen continuously n/2 arcs aj/"b! of equal length 2 I(p)/n 
on all the curves p of V,. 


(*) CO. and U, are not necessarily spheres of radii and 1 in Bo. 
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The choice of these arcs a}/"bi may be extended to curves of a wider 
neighborhood V; such that on the boundary of this neighborhood these 
arcs reduce to points [b= aj’"]. 

We shall denote by D; operations which do not vary curves not entering 
into V;, and for curves p of V/ substituting first, for all the arcs aj/"b/ 
with 7 even, the chords spanning them, and then doing the same thing 
with the arcs a}/"b, for odd t. For the curves of V; this is the operation 
D’ described above. 

Now we apply successively to A the deformations D,, ---, Dy. 

Each curve p enters into no more than (m+ 1) neighborhoods Ve 
so that it does not undergo more than (m+ 1) deformations. 

Curves which are closed geodesics of A do not change as a result of 
these operations. Curves sufficiently close to closed geodesics change by 
arbitrarily small amounts. For arbitrary «>.0 we can find an «,> 0, 
«, = €,(e), such that the curves which lie in S(A°,«,;), where A” is the 
set of all closed geodesics of S,, remain in S(A°,«). 

Further we can find an a> 0 such that curves p of A which are of 
length greater than or equal to //2 and lie outside S(A°,«;) shorten their 
length under the operation D,D,_,---D, by at least 3a. 

Suppose that />0. Denote by A; the family of closed geodesics of 
length |. Fix «> 0 and write «; = «,(e). Further, choose an «2, >0 such 
that all closed geodesics of the region (1 — «. S$ I S1+ e,) lie in S(A?, «1). 
Each curve lying in S(A?,«,), as a result of the (m+ 1) operations de- 
scribed above of shortening arcs into curves, remains in S(A/’,€). 

Further, we choose an a with 0 < a < 2, such that curves of the region 
l—e.<1<1-+.«, and lying outside S(A/,¢,) decrease their length under 
the operation described above by at least 3a. 

Suppose that B is any K-set included in (J S/+ a). For B we define 
the preceding operations, namely the choice of the neighborhoods V, 
and the operations D;, 1 = 1,---,k. If pEBx(l—-asIsl-+a), then 
p enters into one of the Vi. As a result of the operations D,, D), ---, Di-1 
the curve p either arrives in the neighborhood S(A ’«) but then remains 
under the following operations D,,---,D,; in S(A°,«), or else p lies in 
(l—a<I<l+a) but outside S(A%,e,); in this case under the operation 
D; the length I(p) decreases by a number = 3a, and p falls into the 
region (J <!— a) and remains there under all the following operations. 
Or else finally p falls into (J <!— a) and remains there under all the 
following deformations. Thus the deformation D,D,_,--- D, carries the 
arbitrary K-set B of (I $/+ a) into (J S$!—a)+ S(A°,6). Thus our 
theorem is proved. 
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REMARKS. 1. Introduce additional restrictions on K-deformations, as 
follows: 

(1) A K-deformation does not change the curves of sufficiently small 
length I < 6 (the number 8 > 0 depends on the deformation). 

(2) K-deformations do not convert curves g into isolated points (given 
that the curve gq itself does not degenerate into a point). 

(3) K-deformations do not convert any curve g into a twice (or more) 
covered simple arc (continuous image of an arc). 

K-sets are the sets which are the results of K-deformations of closed 
sets of circumferences. 

Under this narrower definition of K-sets Theorem 2 retains its validity. 

We note that the operations D,, D:,---,D, applied in the proof of 
Theorem 2 satisfy condition (1). But generally speaking they violate 
the new conditions (2)—(3) of the K-operations. 

Closed geodesics and curves sufficiently close to them do not reduce 
to a point or to a k-times repeated image of a segment. 

We consider now the neighborhood V;. After the deformations 
D,,---,D;_, this neighborhood goes into some set (V,;). We write 


B, = Vi- S(A%Q6). 


Suppose that p € B;. n arcs are chosen on p. The first part of the de- 
formation D; must map n/2 of these arcs into the chords spanning them. 
Suppose that a, is the endpoint of one of these arcs. In preparation 
we carry out a new deformation of the curve p which consists of grafting 
onto the curve p and nearby a, a loop with an angle at the point a,. 
This loop may be chosen so that under the operation of shortening our 
n/2 arcs by chords the curve p with the little loop continues all the 
time and in the result of the deformation to satisfy conditions (2) and 
(3). The construction of these loops may be carried out in a neighbor- 
hood W(p) of the curve p so small that on the boundaries of this neigh- 
borhood the little loops reduce to points. The grafting of these loops in 
the neighborhood W(p) is a K-deformation. A finite number of such 
neighborhoods W(p,;), ) = 1,---,2, covers the set B;, while these neigh- 
borhoods W(p,), W(p.), ---, W(p,) may be chosen so that no more than 
(m+ 1) of them have common elements. In addition, we determine the 
length of a loop so as not to exceed fer each curve the number 6/3(m + 1), 
where 5 was the number by which the length of the curve p decreased 
in the first part of the deformation D;. Since on each curve not more 
than (m -++ 1) loops have been grafted, it follows that the lengthening of 
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the curve p from the grafting of loops does not exceed 5/3. In the first 
part of the operation D; the curve p shortens by 65. As the result of the 
grafting of loops and the first part of the operation D; the curve lengthens 
by a number 2 26/3. Further, we carry out analogous graftings of loops 
onto the endpoints of one of the arcs with an odd index (contracted in 
the second portion of the operation D,). If 6’ is the shortening of the 
curve in the second portion of the operation D;, then in the result of 
the grafting of the loops and the second part of this operation there 
occurs a shortening of p by a number = 26’/3. Earlier it was indicated 
that curves B lying outside S(A°,e) and thus outside S(A° «,) as well, 
shorten under the operation D, by a number 2 3a, i.e., 6 = 3a. Now 
under the grafting of little loops there occurs after D; a shortening of 
the curves p of B by a number 2 26/3 = 2a, i.e., from the region 
(J 21+ a) they go as before into (J <!— a), given of course that they 
were not already in the region (J </ — a). All the preceding considera- 
tions remain valid if we replace the operation D; by the operation D;, 
differing from D; by being preceded by the grafting of loops. In addition, 
the operations Dj satisfy all the new conditions. The sequence of opera- 
tions Dj, Dj,---, Di carry a K-set B of (I <!l+ a) into (J <l— a) 
+ §(A°,«). Thus Theorem 2 remains true if the K-sets and K-operations 
are understood in the new narrower sense. 

REMARK 2. In the case n = 2 we may define K-sets as sets of non- 
selfintersecting curves obtained by K-deformations from a set of cir- 
cumferences. Replacing the operation of contracting the arcs by the 
chords by a more complex operation defined in Chapter III of the 
monograph Topological methods in the calculus of variations by Ljusternik 
and Snirel’man [19] (carrying a curve without double points into an- 
other). We may, without affecting any of the discussion or estimates 
of the preceding section, obtain the following theorem: 


THEOREM 3. A K-critical set on P = P(S,) on the level surface [=I 
consists of closed non-selfintersecting geodesics of length l. 


We reproduce the proof of this assertion, as given in the monograph 
by Ljusternik and Snirel’man. 

Since the operation of reducing an arc to the chord spanning it generally 
converts a nonintersecting curve into a selfintersecting curve, we define 
the additional operation of “‘rectification’”’, again carrying out a trans- 
formation of the curve into a non-selfintersecting one. For simplicity 
we begin with the case of a plane curve. 
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We shall consider the plane of the complex variable z = x + 1y. Suppose 
that on it there is given a curve P, as in Figure 2, on which two points 
a and 6 with the complex coordinates a and 8 are given: a(a) and 6(£). 
These points decompose the curve P into two arcs ab and ab. We suppose 
that the length of ab does not exceed d/4, where d is the diameter of P. 


FIGURE 2. 


We construct an ellipse E with foci at a(x) and 6(g6) with a major 
axis equal in length to ab. The arc ab lies inside E, while the portion 
ab is situated outside E. 

Consider the function 


f(z) = u(x, y) + tv(x,y¥) = In 


This function is multiple-valued, its imaginary part v being defined up 
to 2xk, where k is an integer. We now define f(z), and thus v, uniquely 
at all the points of ab, in the following way. At some point c of that 
arc, lying outside LE, we suppose that u(c) les between 0 and 2x. Further, 
if d is an arbitrary point of ab, distinct from a and 6, then, denoting 
by cd the part of ab lying between c and d, we put 


(1) fad) = fo + [f@de= f+ J (~ —) de. 


z2—8 


If the arc cd does not intersect the chord ab, then u(d) also lies between 
0 and 2z. In fact, v(d) can equal zero only on the chord ab. 


LemoMaA 1. If the point d lies outside E, then 0 < v(d) < 2x, even if the 
arc cd intersects the chord ab. 
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In fact, the points c and d may be joined by an arc cd lying entirely 
outside the ellipse E. The closed curve cd — cd does not intersect ab. 
In fact, cd lies outside and ab inside the “ellipse i. cd and ab have no 
common ‘points since the curve P is non- selfintersecting. The points a 
and 6 lie therefore on one and the same piece of cd into which the 
curve cd — cd divides the plane. Therefore the integral 


] ] 
i ( = ) de=0, 
d-d \2Z—-a 2-8 


or 


and from (1) 


f(d) = flo + |, (—_-—) & 


But since cd does not intersect the chord ab, it follows from the pre- 
ceding discussion that 0 <vu(d) <2x. The lemma is proved. 
If p, and pz are the distances from some point [(z) to a(a) and b(8), 
then 
u(l) = In|z = a|/|z = B| = Inp,/po, 
u(l) = arg(z — a) — arg(z — 8) + at. 


The curves v= const are arcs of circumferences joining a and 6. The 
curves u = const are circumferences orthogonal to them. If the radii of 
the circumferences u = const tend to zero, then their centers tend to 
a or 0b. 

For a sufficiently small 6 > 0 the ares v= 6 and v = 2a — 6 hie inside 
E on different sides of the chord ab. It follows from Lemma 1 that for 
points d of the arc ab lying outside BE, 6<v(d) < 27 —6. 

Consider the function ¢;(&) of the real variable ¢: for 


6S ¢S2n -5, bs(é) = 5 
for 
£<6, o,(€) = 6— (6/x) arctan(é — &£); 


for 
t>2r—6, o,(f) = 2r—6+4+ (5/7) arctan(t — 27 + 4). 


¢;(¢) is a continuous and monotonically increasing function of £: for 
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Ew, s(t) > 24 — 6/2; for E>— ~, o(£) > 8/2. 


Now apply the operation D, of contracting the arc ab into the chord 
ab. The curve P goes into D,(P). We denote the differences of the 
lengths by 


I(ab) — I(ab) =a =0. 


Now we define a new deformation D3 of the curve D,P, namely an 
operation of rectification, as follows. The chord ab (into which the arc 
ab had gone) remains invariant. We shall consider u and v as curvilinear 
coordinates of points on the plane. Each point d(u,v) of the arc ab 
distinct from a and b is carried into the point (u,¢,(v)). 


FIGURE 3. 


In view of Lemma 1 and the definition of the function ¢, all the points 
d go into points D(d) lying outside ab. 

The transition from the point d to its image D3(d) is realized along 
the segment joining them. 

The points d and D3(d) lie on one and the same circumference u = const. 
If the point d is sufficiently close to a or b, then the center of that 
circumference is arbitrarily close to a or } respectively, and the radius 
of the circumference is arbitrarily small. In a sufficiently small neigh- 
borhood of the point a or 6 the deformation D2 displaces the point d 
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arbitrarily little. Since the points a and 6 themselves remain invariant 
under this operation, it follows that D} is continuous at these points 
and thus is a continuous deformation. 

As a result of the deformation D; the arc ab goes into the arc D2(ab), 
which does not intersect the chord ab. 

As a result of the deformation D = D3D, the curve P goes into the 
non-selfintersecting curve P, = D(P). 

After the deformation D, the length of the curve P decreases by the 
number 


a = I(ab) — (ab). 
We shall show that for a sufficiently small 6 the deformation D2 in- 


creases the length of the curve by no more than a/2. 
Indeed, the linear element ds at the point z is equal to 


| df(z) | 1 
ds = |dz| = = = 7 | A d 
| 2| | (2) | Fae) |du +i v| 
aM en a ed te a 


Z2—a z—f8 


|B — a| 


If the point z, for which f(z) = u+ iv, goes into the point z, with f(z,) 
= u, + lv,, then the linear element ds goes into the linear element ds,, where 


|Z, — a | |Z, = B| (du? + dv?) 


ds, = ; 
[6 — a| 

ds, __ a. Z,—a z,—86 

ds \du?+ dv’? zZ—a z— Bs 


Under the operation D3; the point (z) = (u,v) goes into (2) = (uW4,0,), 
where u, = U, Vv, = ¢;(v). Since d¢,(v)/dv =< 1, then 


|du| =|du,|, |dv,| <|do| 
and 


ds, 2 |z1 — a| |z1 — 8| 
ds ~ |z—a||z— | 


Since the points z and 2, lie on the same circumference u = const, then 


z2— a 


z—B6 


2,;— aQ@ 


z,—8 
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and 


2 2 


ds, 2,— 8 

— 

ds z—B 
Suppose for example that |z — a| <|z— |. Consider the arcs v = 6 and 
v= 227 —5 and the “lens” F bounded by them. If the point z lies on 
the circle u = const outside F and is displaced under the deformation 
D:, then it goes into a point of the circle inside the lens, and its distance 
to the center a is decreased: 


2) a 


z2—a 


|z, -a| <|z—a| and ds, <ds. 


If the point d lies on the circle u = c inside the lens, then its distance 
from the point a may increase. The largest increase will occur if the 
point d lies on the chord ab and is displaced to the edge of the lens. But 
the relative increase will not exceed 1/cosé <1+ 56’, ice., 


(2) ds,/ds <<1+ 56%, ds, < (1+ 67)ds. 


If [(P) is the length of P, the length D,(P) will not exceed /(P), and, 
from (2), the increase in the length of the curve under D3 will not ex- 
ceed 6°I(P). 

If a> 0, then, putting 6 < (a/2I(P))'”, we find that the increase in 
length of the curve under D3 does not exceed a/2. 

If «=0, ab = ab, the arc ab does not intersect the chord ab, and we 
may consider the rectification operation on the varying curve P. 

The operation D = D3D, has the following properties: 

(1) It converts the curve P into a non-selfintersecting curve P,. 

(2) If I(ab) — I(ab) = a, then I(P,) — I(P) = a«/2. 

(3) Points of the curve P sufficiently close to a or 6b are displaced 
by an arbitrarily small amount. 

(4) The deformation leaves invariant the points of the curve outside 
the ellipse E. The portion of P lying inside E remains there throughout 
the course of the deformation. _ 

(5) If the length of the arc ab does not exceed the number h> 0, 
the displacement of each point of P in the course of the deformation 
D does not exceed 2ha. 

Indeed, if the length of ab is equal to 2c, then the length of ab is 
equal to 2c+ a, with c<c+ (a/2) </h. 

The focal distance and the major and minor axes of the ellipse EF 
are equal respectively to c+ (a/2), c, and 
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a 2 1/2 2\ 1/2 
a ae —_ m 1/2 
((c+5) c ) = (ac +) < (2ha)*”*. 


The deformation D, displaces a point of the arc ab, dividing that arc 
in length in some ratio, into the corresponding point of the chord ab, 
dividing the length of that chord in the same ratio. The greatest distance 
between corresponding points of the arc and the chord corresponds with 
the minor axis, and is achieved when the arc ab consists of two equal 
segments ad and db and the point d corresponds to the midpoint of the 
chord ab. Thus the displacement under the deformation D, does not 
exceed (2ha)'/7/2. 

The displacement D} displaces a point lying inside E on the circum- 
ference u =! to another point of the same circumference lying inside E. 
The displacement proceeds along a chord of the circumference u =! 
lying in £, whose center lies on the prolongation of the major axis. The 
length of this chord does not exceed the length of the minor axis of E, 
i.e., (2ha)!””. 

(6) For a sufficiently small « > 0 points p distant from a or 6 by no 
more than e go into points distant from a or 6 by not more than 2e. 

D-deformation of a family of non-selfintersecting curves. Suppose that 
we are given a K-family (p) of non-selfintersecting plane curves p, whose 
diameters exceed d > 0, and that on each curve p of this there has been 
selected a pair of points a,, 6, with the complex coordinates a,, 8p. 
Suppose further that these points divide each curve p into arcs a,b, 
and a,h,, the length of a,b, being supposed not to exceed d/4. As above, 
we define for each curve p ellipses E = E,, functions 


7 gaa 8 ‘ 
> + wl, 
Pp 


f,(z) = u,+ lw, = In = 
numbers a = ap, 5 = bp, € = €p, functions Psp(Up) , deformations D? of re- 
duction of the arc a,b, into the chord a,6,, deformations D;= Dy 
unravelling the arc a,b,, and the complete deformation D = D? = D?DpP. 

The simultaneous application of the deformations D? to the curves p 
of the family (p) is some K-deformation ¥ of this entire family. In order 
to prove this assertion, we need to establish the continuity of the de- 
formation 9, i.e., that sufficiently close points of sufficiently close curves 
remain, under the deformation ¥, arbitrarily close. 

For the contracting deformation D? this is evident. It remains to 
prove this continuity for the unravelling operation Df. 
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Suppose that a is some curve of (p). On the arc a,b; we choose small 
arcs da; and 6; -b- of length «;/2. The remaining portion a5 By of the arc 
a;b> is distant from a and b by 7>0. Now we choose an arbitrarily 
email neighborhood u; of the curve p on the family (p) such that: 

(1) The numbers « = «, for the curves p of u; are not less than 2e;. 
Thus if on each arc Apb, of the curve p of us we select small arcs a4, 
and 8p, of length y < ey 2, then the points of these small arcs are shifted 
under the operations D? by distances not larger than 2y (see property (6)). 

(2) The remaining pieces a,§, of the arcs a,6, are distant from the 
points a, and b, by o> 0. ~ ~ 

(3) The curve p of u; is distant from p by a distance not exceeding 
p, where p is some number less than «¢,/2. 

If one considers the functions f,(z) = u,-+ lv,, uniquely defining v = uv, 
on the arcs a,b, as above, for each curve p, then in view of property 
(3) the coordinates of v, will, for all the arcs a8, of the curves p of our 
neighborhood, be defined continuously in terms of the curve p and the 
point on the curve. Since the number 6, depends continuously on the 
curve p, and the function ¢,,(v) depends continuously on the curve, 
the deformation D; defined by it will be a continuous deformation of 
the arc a6, on our neighborhood u, 

The remaining short arcs a p&p and B,bp, in view of conditions (1) 
and (2), remain during the deformation DP in disks of radius < 2y with 
centers a, and b,. Since the latter points were chosen continuously on 
the curves p, and the number y may be taken arbitrarily small, we may 
then prove the continuity of the deformation D? in the neighborhood of 
the curve p. Thus the deformation D is a K-deformation. We have de- 
fined the “rectification’’ deformation for plane curves. 

Suppose now given a K-family (p) of curves on the surface Sp». If 
this surface is smooth, then a sufficiently small piece of it, of diameter 
<h, where h depends on S,, may be approximated with arbitrary close- 
ness by a plane. If on the curves p of this family continuous arcs a,b, 
of length < hy have been chosen, then we may construct around each 
such arc a geodesic ellipse E, with foci at a, and b, and with the sum 
of the distances to the foci equal to the length of a,0,. 

This ellipse will differ by arbitrarily little from the plane ellipse E,. 
Inasmuch as the rectification deformation D} for plane curves only 
shifted those portions of them which lay inside the corresponding plane 
ellipse, it too may be defined for the part of the curve p which lies 
inside the geodesic ellipse E,. For a sufficiently small hy all estimates 
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in the form of inequalities introduced above for the plane case remain 
valid, and, defining the operation D as the successive application of 
the operations of contraction of arcs to chords and of the rectification 
for curves of the family (p) on the surface S,, we preserve for this opera- 
tion all the properties (1)—(4) formulated at the end of this section. 
Choosing such arcs a,b, in a continuous way and applying the corre- 
sponding D-operations to the corresponding curves p, we obtain continu- 
ous deformations of the family (p). They are K-deformations. 

Repeating now all the discussion applied in the proof of Theorem 2, 
with the contraction operations replaced by D-operations, we prove 
Theorem 3. 


14. Homotopy bases. For compact families of non-selfintersecting curves 
on a two-dimensional sphere S, the following theorem holds. 

Any compact family of non-selfintersecting curves on S, may be con- 
tinuously deformed into a family of circumferences (Ljusternik [6], |7]). 

The family A of all circumferences on the sphere S, is in this sense 
a homotopy basis for the collection of non-selfintersecting curves on Sz. 
This theorem was first proved for normal families in [6], and then for 
arbitrary compact families in [7]. 

Now we shall show that any compact family 8B of non-selfintersecting 
curves (in general nonrectifiable) may be transformed into a normal 
family, i.e., a family of rectifiable non-selfintersecting curves on which 
the length of the arc of a curve depends continuously on the arc and 
curve. 

Suppose that B is a compact family of such curves. We shall prove 
that a sufficiently small neighborhood of any curve g of B may be trans- 
formed into a normal family. 

Suppose that g lies in B, and that the point a lies inside one of the 
regions into which the sphere S, is divided by the curve q. Suppose that 
the distance from a to the curve g is equal to 6>0, with O<a <6. 
Then all the curves q’ of the neighborhood U7 on the family B of curves 
q defined by the inequality p(q,q’) <a, have the point a in one of the 
regions into which they divide S,, while these regions, which we denote 
by O[q’,a], vary continuously with q’. Considering £, as the complex 
plane with O[q’,a] as a finite region of this plane, we may define a 
conformal mapping Tq’ of the region O|q’,a| into the unit disk, so that 
the point a goes into the center of this disk, and a fixed direction at a 
goes into a fixed direction. Thus the conformal mapping 79’ is defined 
uniquely. By a theorem of Courant, the conformal mapping Tq’ depends 
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continuously on q’. If we denote by 6(¢,q’) the point of the curve q’ 
which under the mapping Tq’ goes into the point e’* of the boundary 
of the unit disk, then the point 6(¢,q’) depends continuously on the 
cyclic coordinate ¢ and the curve q’. Thus in the neighborhood U7? of 
the curve g we may select in a continuous way cyclic parameters ¢ on 
all the curves with period 27. Now we take a smaller neighborhood 
Us = U2". Denote by [¢, ¢1;q’| that arc of the curve qg’ which corre- 
sponds to the values of the interval [¢o, ¢,| of the cyclic parameter. Now 
we take the number n so large that the diameter of the arc 


[ bo, Po ai 2x/n, q’ | 
is less than h/4. On the curves q’ € Ui, we select arcs 
[O,e], &=0,1,2,---,n—1, 


where 
«= 2n/n 


if q’ C Uj, ie., if p(g.q’) <a/2, 


« = (2r/n) (a — p(q’,q)), 
if 


a2 p(q,q') 2 a/2. 


On the boundary of U7 the arc just chosen reduces to a point. We obtain 
n arcs of diameter less than h/4 on each curve q’ € Uj, which for each 
curve of U; fill out the entire curve. We apply a deformation carrying 
the arcs [0,«;q’| of the curves q’ € U? into the chords spanning them, 
and then, if these arcs intersect the complementary pieces of q’, we 
apply the unravelling operation mentioned above. This is a deformation 
Dy of the family U7. If we denote by D, the analogous operation applied 
to the arcs 


[2rk/n, (Qrk/n) + e|, 


then the successive application of the operations Do, D,,---,D, yields 
a deformation D = D, of the neighborhood which converts the smaller 
neighborhood U; into a normal family of rectifiable non-selfintersecting 
curves. On the boundary of Uj the curves do not change under the 
operation D,. If we suppose that curves lying outside UZ do not change 
under D,, then D, is a continuous deformation of the entire family B. 

Constructing such narrower neighborhoods Uj and wider neighbor- 
hoods U7, we choose a finite system of neighborhoods 
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covering the entire set B. The successive application to B of the de- 
formations D,,, D,,,---, Dg, is a deformation D', which converts B into 
anormal family B, of non-selfintersecting curves. 

We shall call a family of non-selfintersecting curves obtained as a 
result of a normal deformation B, a K-set. Let [B,] be the class of such 
sets. If c= infgic[B,)SUPscH; (gq), then, from the considerations of §13, 
the level surface (I = c) contains a nonempty set of non-selfintersecting 
closed geodesics of length c. 

If S, is the unit sphere, these closed geodesics can be only great circles 
or isolated points, c = 2x or 0. In view of the definition of c, for any 
a > 0, in particular for a = 7/2, in the region 


(lS 2xe+ a) = (7 S 27/2) 


there is a family B, of class {B,]. B, is obtained as a result of some 
deformation D* of the set B,. 

We again construct on B, a neighborhood Uj of the curve q€ B,, 
on which we may define in a continuous way the cyclic parameter 4, 
0 <¢S 2x. We may in addition choose this parameter normal, in such 
a way that the lengths of the arcs [0,¢;q] of the curves q’ of Uf are 
proportional to ¢, i.e., so that their lengths are equal to ¢//(q’). Choose 
on all curves q’ € UZ arcs [0,«;q’], 


[20 /3,(2x/3) +659'], [4x/3, (40/3) + 6597]. 
Indeed, for 
q’ € U4, p(q',q) Sa/2, € = 20/3; 
for 
a 2 p(q’,9g) 2 a/2, 
« is defined according to the formula 
«= (41/3) [a — p(q’, 9) }. 


« depends continuously on p(q’,q) and « = 0 when p(q’,g) =a, so that 
on the boundary of U? these arcs reduce to points. Each of these arcs 
does not exceed in length a third of the length of g (which does not 
exceed 52/2), i.e., the length of such an arc is strictly less than z=. 
Denote by E, a deformation which does not alter curves lying outside 
Uz, and converts the three arcs chosen above on each curve q’ of U; 
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into the geodesic curves spanning them. Since the lengths of these arcs 
is less than +, we may carry out this operation E, in a continuous way. 
We choose a finite system of curves 41,9:,---,g, of B, such that the 
neighborhoods UZ, 1 = 1,2,---,r cover B;. Denote by D® the deforma- 
tion consisting in the successive application to B, of the operations 


E~,Ez,---,# 


919 *74999 ° * qry° 

Suppose that the curve q’ € B, lies in some neighborhood U;,.. The 
operation E; converts this curve into a spherical triangle or into a 
great circle q”. The successive deformations FE; ,,,---, hz, do not change 
q’, if q” 1s a great circle, or, replacing portions of the perimeter of q” 
by geodesic arcs if qg” is a spherical triangle, they change q” into a convex 
spherical polygon lying in q” (and thus in some hemisphere). Thus D® 
converts B, into the set B; of great circles and convex polygons. 

Suppose that p is a polygon of B; lying on some hemisphere of Sz. 
Let d, be the center of gravity of p (in the same hemisphere), g, the 
largest circumference with center at d, and lying in p (tangent to p), 
which we shall call “inscribed in p’’. If p approximates arbitrarily closely 
to the great circle po, the corresponding inscribed circumference also 
converges to Po. We define a deformation D* of the set B, which does 
not alter the great circles of B, and carries every polygon p of B distinct 
from a great circle into the circumference g, inscribed in p (to this end 
we need to shift each point b of p along the geodesic arc bd, up to the 
intersection with g,). B3 is converted into a set By, of circumferences. 
The deformation D*D°D?D' converts the original set of curves B into 
the set B, of circumferences. 


CHAPTER IV 


The Functional Space R of Curves 
with Common Endpoints on the Sphere 


15. V-cycles in R. 
One-dimensional V -cycles. Consider the space 


R = R(S,,a, b) 


of rectifiable curves on the sphere S, with common endpoints at the 
points a and 6 and the curve-length functional I(q) for curves g of So. 
We let Ry be the compact part of R defined by the inequality J < N. 
We are taking the metric in R to be that of Fréchet; and without further 
discussion we are assuming that N is greater than the distance between 
a and b, so that Ry is nonempty. In all that follows we shall take as 
A-cycles in # those A-cycles which he in Ry for a sufficiently large N. 
A-homology in R means homology in all the Ry for sufficiently large N. 
An n-dimensional V-cycle is homologous to zero in R if its products 
with all n-dimensional A-cycles are equal to zero. Thus V-homologies 
in R are defined. 

Suppose that g, and gz are two elements of Ry with p(qi,q2) <e, 
where « is a given small positive constant and 0 <«<h/2. We may 
establish parametrizations on g, and q, such that points a, and 6, of these 
curves corresponding to the same parameter ¢ are distant from one another 
by a distance <e and also 


Q5=bo=2@; a; = 6, =. 


Suppose that 
91,92 € Rn, E <a/10N, 


where a is the area of So. We join a, and 6, by a minimal geodesic arc 
a,b,. The family of all these arcs forms a film Q, with boundary q — 4q2 
Suppose that c is a point of S, lying outside q, and q:.. We denote by 
(1; 91, 92;¢) the degree of covering of the point c by this film Q,. The 
choice of parameter does not affect the value of this function provided 
that the corresponding points are at a distance from one another smaller 
than «. We may replace the arcs a,b, by any continuous system of arcs 
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a,b, of length < 2e. This will not change the index of the covering of 
the point c by the film formed by these arcs. 
For any pair gq), g. of arcs of R with p(q,,qQ.) <« we write 


fi(qi,42) = V(13 d1, G23 €). 


The sequence of functions f{ as « — 0 defines a one-dimensional V -complex, 
and since 


(1) Fi (qi, Qa) + ££ (Ga, 93) + fi (gs, qi) = 9, 


this complex is a one-dimensional V-cycle in R and any Ry. We shall 
denote it by T;. 

n-dimensional \/-cycles. We turn to the film formed by the arcs a,b, 
with endpoints on the curves q), gz. The family of arcs a,b, for 0 <t’ St 
forms a film, and the degree of covering by this film of the point c is 
denoted by V(t; 4q:,92,c). The arcs a,b, are chosen so that only a finite 
number of these arcs pass through c. The function a(t) = V,(t; qi, qo, C) 
is an integer-valued function of t, having a finite number of jumps at 
values of t for which a,b, passes through the point c. The corresponding 
jump a(t + 0) — a(t — 0) is denoted by da(t) = dW, (t; qi, qa; c). If a,b, does 
not pass through c, this jump must be considered equal to zero. 

Suppose we are given (n+ 1) curves q1, 42, -++;Qn41 Of R, with p(q;, q;) 
<e for all t and j. We establish parametrizations on these curves so 
that the points a; of the curves g; with common values of the parameter 
t are distant from one another by a distance < «. Suppose that cj, Cs, ---,C, 
aren points of S, distinct from a and 6 and that the curves qi, ---,@n44 
do not pass through them. We write (recurrently) 


Wilt q1; q2; wey Gn+13 Ci, Co, a) Cr | 
t t 

= |, dy, (t’; G15 Ja; C1) i} adv, _,(t"; G25 V3. °° *> In+1; Ca, C3, °°°, G.). 
1 


In expanded form for t= 1 we have 


v1; G15 Ga, °° °yFn4+1)5 C1, Ca, °° +5 Cn) 


i l 
(2) = i AW (E13 G1, G25 C1) |, AW (to; do, 33 Co) ++ 
t;=0 to=ty 


l 
[ AW (tn; Ans In—13 Cn) 


=ln-1 


Since the differentials dv, (the jumps) are different from zero only 
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for a finite number of values of the parameters ¢; (when the corresponding 
arcs pass through the points c,), then the integral on the right side of 
(1) is equal to the sum of the products of the jumps 


n 


(3) s I] dW ,(t;; dis Vi+13 Ci). 


O<t) <ty<-++ <tp<l] t=1 

The sum is taken over those systems ¢,,---,f, for which all the jumps 
dW, in the product are distinct from zero and 0 <t,<.--- <t, <1. 

Now we choose on R a countable, everywhere dense net of elements 
ordered in some way. Suppose that q,,---,@n4; are elements of this net 
and that the order defined by the indices coincides with their relative 
order in the net. Suppose further that all the q; lie in Ry and that they 
satisfy p(q;,9;) <«. We write 


fn (Qs G25 °- “5Qn413 C1y C2, ++ +5 Cn) 
(4) | 
= fai, q2; a 5 Qn41) = a qi; qa, ois "yQn+15 Ci, Co, ed -,Cn). 
If further 1, t2, ---,2,,¢,41; 18 a permutation of the indices 1, 2,---,n,n-+ 1, 
and the function sign (1;, 22, ---,l,,In4;) is taken to be + or — according 
as this permutation is even or odd, we may define 


(5) FACET dias sa fea) = sign(t;, la, +++, Unga) fi (G15 Vas °° + Inga) 


REMARK 1. In what follows, in defining an n-dimensional V-complex 
by the functions f<(qi, qo, -:*,Qn»Qn4i), we shall give these functions for 
groups of elements 41,92, ---;Qn»Qn41 Of the everywhere dense net chosen 
above, supposing that the q; are ordered according to their order in that 
net. Each time we shall suppose without further discussion that on permu- 
tation of the elements q),q2,---,Qn41 the function /f<(q1, qo, ---,9n) does 
not change or else only changes sign, depending on whether the permuta- 
tion is even or odd. 

REMARK 2. Suppose we have defined, using the preceding method, an n- 
dimensional V -complex Z” by means of the functions fi; (q@1, G2, «++ Qn Qn41); 
and suppose that these functions do not depend on one of the elements, 
for example on qg,4;. Then Z” is an n-dimensional V-cycle which is 
homologous to zero. In fact Z” is the V-boundary of the (n — 1)- 
dimensional V-complex Z"~! defined by the functions $77 '(q,, q2,--* Qn) 


== fa(Q1, d2,°°*sQn> Yn+1)- 
Lemma 1. For a sufficiently small « the function 


PACES da, °° "yQn4+i5 Ci; Co, ome. -5Cn) 
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does not depend either on the choice of the parameter t on the curves q,, 
Gay ***sQn41 (provided that the points aj of the curves q; corresponding to 
a common value of the parameter t are distant from one another by less 
than «), nor on the choice of the system of arcs ajaj,,, provided that these 
arcs do not exceed 2« in length. 


Suppose that 2a is a number smaller than the smallest distance between 
the points a,b,c,,C2,---,¢,, and suppose that 2e<a/10. The disks 
S(c;,2e), 1 = 1,---,m have no common points and do not contain the 
points a and 6. Suppose that on the curves q1, qo, ---, 9n41 Darametrizations 
have been chosen so as to satisfy the conditions set forth above. If 
dW (ti; 9i, 9i413 ¢;) differs from zero the curves gq; and q;,, intersect the 
disk S(c;,2«) and accordingly all the remaining curves qj, ---,9,4; inter- 
sect S(c;,a). This means that each of the curves qj, Go, --:, Gn4; Intersects 
all the disks S(c;, a) if (3) is different from zero. We denote by [8, y;q;| 
the part of the curve qg; which corresponds to the interval [8, y| of values 
of the parameter. We shall call the interval [8,7] an i-interval if the arc 
(6, 7; 9i| lies in S(c;, a), intersects S(c,,2¢) and the endpoints a?, a? of this 
arc lie on the boundary of S(c;,a). Since 18, v3 9:)] € S(ci, a), p(qi,qj) <«, 
and p(c;,c;) > 2a >a+2e, then the arcs [8,y;q;|], 71, lie outside 
S(c;, a). Therefore the i-interval [8,7] and the j-interval [8,, y,], i+ J, 
do not intersect. If the product of jumps from (3) 


[Tavitts i, Gi4i Ci) 40; 0 <4 << ---<t, <1, 

t=] 
then ¢; lies in some t-interval [6;,7;|, since otherwise the arc ajaiit! 
would not contain the point c;. Since for i <j the t-interval [8;, yi| 
and the j-interval containing ¢; > ¢; do not intersect, then y; > 8;> y; > 8; 
of 1-intervals [6,, 7], 2-intervals [6.,y2], and finally n-intervals [6,,7,], 
where 6, < yi <Bo< +--+ <Ba<‘Yn, are called admissible systems of 
l-intervals, 1 = 1,2,---,n. 

We have: the right side of (2) is equal to 


Yl 72 
as i dy (t,; G15 Ya; C;) i dW, (t.; qo, 435 Co) oes 
/ a to =p2 
(2’) 
Yn 
.° | aw, (t,; dns Qn4+15 Cn) ’ 


n=Bn 
where the sum )’ is extended over all admissible systems of i-intervals 


lay, B; |, | we, Bo], as lan, Br]. 
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Indeed, the product of jumps 
[ldvi(tisa:, Gis) Op Sty eee SI 1, 


is different from zero only if all the ¢, belong to an admissible system 
of t-intervals. Therefore the left side of (2) may be replaced by (2’), 
eliminating those systems of intervals of integration on which this product 
is zero. 


But for an admissible system of intervals [8;,y;], i=1,---,n, 


I 


i=l 


i 
he soe qi, i+15 Ci i) 

does not depend on the choice of the arcs ata! 41, Provided that these 
arcs are less in length than 2e. In fact, the film formed by those arcs 
when ¢ runs through the t-interval [6;,y;| has the boundary 


[Bi,-vi3 Qi] + aj'a?i,; — [Bi, vi; Gizi] — atiat 


The degree of covering of the point c; by this film is equal to the integral 


vi 
fo dudes Vis Vi413 i). 


On the passage to a new system of arcs Q;Qj 4) of length less than 2¢ 
our film is replaced by a ew one 2 whose boundary differs from the pre- 
ceding one by having ayia? Hee abigti ‘, Teplaced by aja7i,, ava’ ,. Since a 
= 10c, the endpoints of this arc he on the boundary of S(c¢;, a. and their 
lengths are less than 2e, this replacement will not change the degree of 
covering of the point c; by the film, i.e., the value of our integral, which 
means also (2’) does not change the functions /,, which was to be proved. 

Analogously one may prove the independence of the values of 

Wilts q1, 92) °° Ansi3 Cy +174 € c,|, from the en of arcs, if t, O<t <1, 
lies outside any i-interval. 

We have proved that (2’) is independent of the choice of the system 
of arcs. The independence of (2’) of the choice of the parameter also 
reduces to this case. Suppose that on the curves qi, Q2,---,Qn41 there 
have been chosen two systems of parameters ¢ and 7, so that all the 
bj, 1=1,2,---,n +1 of curves g; corresponding to a common value of 
the parameter 7 (as well as the points a} of the curves q; corresponding 
to a common value of the parameter t), are distant from one another 
by a distance less than ec. Finally, suppose that we have drawn a system 
of geodesic arcs 67b7,, of length Se joining the points bj] and 06j,,. 
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Suppose on the curve q; the transition from the parameter 7 to ¢ 1s 
defined by a monotone function t = ¢;(7). Then 67 = afi, bi41 = afiq1”. 
If t= ¢,(7), U = d:4,(7), then, generally speaking t#t’, $:4:(7) # ¢:(7). 
We denote by ajaj,,, t= ¢;(r) the arc 


bi, 1 + [:41(7); O47), Giza] = aja‘, + |t’,¢; di+il, 

where the expression in square brackets denotes the portion of the arc 
Gi41 Corresponding to the interval [t,t] of values of the parameter t. 
The film formed by the arcs ajaj,, coincides with the film formed by 
the arcs 6/6],,. In fact, the arcs of the two systems differ only by portions 
of one and the same curve q;,;, which is a boundary of the film. Hence 
we have reduced the effect of the change of parameter on a film to the 
effect of the change of the system of arcs under the same parametriza- 
tion, i.e., to the case already proved. The lemma is completely proved. 

The functions f/f; as «—0O define on R an n-dimensional V-complex 
Toh,c2,---.en. We shall prove that it is a V-cycle. 

We denote symbolically the multiple integral 


d 
|, aw, (ti; Gis Vjy C;) [ance dias Qja5 Co) ++: [anes G.-30)5 60 
by 
(6) (its Vi.) (ins Vig) +++ (inr Un) + 
The symbolic product (6) is the sum of ordinary products of the type 


(3) of jumps in the corresponding functions . 


LEMMA 2. To... 


nr 


is an n-dimensional V -cycle. 


We need to prove for the (n+ 2) elements qj, G2, G3, -- +5 Qn» In419 In42 
of R the equation 


n+1 


D> (= 1)'(G1, G2) (Gay 93) + + (Qin ty 48) (Gis Vie2) (Qi2» Gita) ++* (Qn4is In42) = 9, 


t=0 
(the first term on the left side (= 0) is [[%1) (q;,q)1:), and the last 


(— 1)"*"]]%_,(¢;,¢)41)). We shall prove this proposition by induction on 
n. For n= 1 it is true (see (1)): 


(7) (q2, 93) — (41,93) + (41,492) = 0. 
Suppose that if n=k the equation 


k 
> (= 1)'(qi, Ga) (Gas G3) + + (Gi- ay Gi) (Gis Via) «++ (Cis Men) = 0 
i=0 
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holds for the k + 1 elements q,,q,, ++, 4x41 KR. Then, adding the super- 
fluous factor (qy4,, dria), we have 
k 


(8) a (— 1)'(qi, G2) (qa, a) - (Gi-15 9) (Gis G42) (Ger Vers) (Geis Gayo) = 0. 


Subtracting the left side of (8) from 
k+1 


(9) 2, (— 1)'(q,, 2) (G2, Jz) ++ (gi-a, Qi) (i, Ji+2) +++ (Ges Ger) (Gr-t1s Th-+2) 


we obtain, since only the last two terms in (9) and the last term in 


(8) differ: 


k 
Zt 1)°(q1, 92) (as 93) +> + (ia, Gi) (Gis Gia) «++ (es Ve41) (Gas ty Vex) 


= (— 1)"(41, 42) (G2, 93) ++ > (Qa—15 Ve) (Gar Te42) 
+ (= VP, G2) G2, 3) ++» (Gers G4) (Gis Tea) 
— (= 1)*(q1, 92) (G1, Ga) «+ + (Gea, Ge) (Gea Ve42) 
= (— 1)*(41, G2) (Go, 3) ++» (Ge—1s Qe) 1 (Ge, Gera) — (Gis Vea) 
— (Ga+is Gera) | = 0 


(in view of (7)). Thus our equation (6) is proved by induction from k 
to k+ 1, and the lemma is proved. 


LEMMA 3. If c,,C2,---,¢, and d,,do,---,d, are two systems of n points, 
different from a and 6b on Sy, then Tho...en V Tayap-- +d: 


We may deform the sphere S, into itself in a continuous and differ- 
entiable manner so that the points c,;, 1 = 1,2,---,n go into the d;, the 
space R goes into itself, and each Ry goes into a subset of some Ry. 
Suppose that x, is an n-dimensional A-cycle. It goes into a A-cycle xj, 
A-homologous to x,. Suppose that N’ is the maximum length of the images 
of x, during the course of the deformation of x, into x;. x, is A-homologous 
to x, in each Ry for N” 2 N’. The intersection index T'ho...c, X Xn 
coincides with the intersection index Thig...a, X x,, but since x, A x, 
the latter index is equal to Taja...a, X Xn Thus, for any n-dimensional 
A-cycle x, 


(10) ase ers — Le Gece) XX, = QO. 


Hence it follows that the difference on the left side of (10) is V-homologous 
to zero in any Ry for sufficiently large N’, which proves the lemma. 
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We shall denote by JT” any of the mutually homologous V-cycles 
fies 


c1C2 eee Cn° 


For completeness of exposition we shall show that the classes of V- 
homologies defined above do not depend on the ordering of the every- 
where dense net. 

Functions g, defining an n-dimensional V-cycle which is homologous 
to zero will be said to be equivalent to zero, and we shall write g, ~ 0. 


The equation A, ~ g, means that 
ha — 8, & 0. 


ww 


We shall denote by s,;(t J) the symbolic product 


(41, 92) (G2, 9s) > ++ (Gi-1, Gi) (Gi41, Vita) (Gita, Giza) °° (Qj, Qau> 
(9), V+) (Qj41, Qj4a) °° (ns Inti) 
Here the factor (q;q;4;) is missing and (q;,q;,;) is twice repeated. 
LEMMA 4. s; ~ 0. 


For: =1 or =n this follows from the fact that s,; and s,; do not 
depend on q, or q, respectively. Suppose that 1 <j. Since 


(9i-1,9i) = (9i-1, Gian) — (Gi-1,9), 
then 
Sig = — Si-ag + (1, 92) «>> (Gi_-2, Gi_-v) (Gi-1, Gian (Gi, Jiso) +++ (ns Qn41)5 
where the second term, not depending on q;, is equivalent to zero. Hence 


Si © $;-,j, and further $s; © 8,1; © S;2; ~ (— 1)’ ’s); ~ 0. Analogously, 


for 1 > J, 
Sij © Si-1y & Signy © (— 1)" “sy & O. 


ww ~~ 


LEMMA 5. 
an (9i1» Gin) (Gigs Vig) ** + (igs Vins 1) 
© sign(ty, la, +++, tn) (Gi, G2) (G2, 93) «++ (Gn; Qn+1)- 


It suffices to prove this lemma for the case of the transposition inter- 
changing the pair of elements q; and q;,,. In this case (11) takes the form 


(41,92) - ++ (Qi -2, Qi—1) (Gi-1, Git) (Gia1, Gi) (Qi, Ji42) (Qi 42, diss) +++ (Qn; Gn+1) 
(12) % — (41, 92) (42, 93) +++ (Qi-2, Gi) (Gi-1, VD 
(4, Vid) (Gita, Gita --* (Gas Qn+1)- 
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We have 
(Qi, Qi4a) = (Gi Gia) + (Gian, Gi42) 
(127) (9is,9i) = — (Qi Qi41) 
(9:-1,9i4.) = (Gi-1, 91) + (Qi, 9:41). 


Putting into the left side of (12), instead of the factors (i-1, Gia), 
(9i41,9:), (Qi, 9i+2), their expressions from (12’), we replace it by several 
terms, of which one coincides with the right side and the remainder, 
from the preceding lemma, are equivalent to zero. Thus, for the case 
of transposition the lemma is proved. Successively applying the result 
for transpositions leads to a proof of the general case. It follows from 
Lemma 5 and the definition of the function f, that the definition of 
the cycle To....., does not depend, up to homology, on the ordering 
of the everywhere dense net. 


16. A-cycles in R. Suppose that a and 6 are diametrically opposed 
points of the sphere S,. We set up on S, a spherical system of coordinates, 
with a and 6 the poles and the semicircles joining these points as 
meridians, and one of these meridians as the zeroth. Longitudes will 
be expressed in radians. The longitude A is a cyclic coordinate. We shall 
denote the meridian \ = \) = constant by (\)). As A changes from 0 to 
2x the meridian (A) sweeps out the entire sphere. Taking the pole a as 
the origin and 6 as the endpoint, we establish on S, an orientation, 
coinciding with the orientation of the lune bounded by the pair of close 
meridians (A,) and (A,), (A) — (Ag), where (A) is circuited in the direction 
from a to 0. 

In what follows we shall suppose that the cyclic coordinate (A) satisfies 
the condition 0 < A < 27, unless specified otherwise. 

We shall now consider a curve g consisting of the meridians ())), 
(Xo), +++, (An) successively circuited beginning with the point a, so that 
one goes on (A,) from a to 6 and on (2) from 6 to a. More generally on 
(\;) for i odd one goes from a to 6 and for i even from 6 to a, i.e., 

qg = (1) — Qed) +--+) + (— 1)"Q)). 

For n odd these curves have a as initial point and 6 as terminal point, 
i.e., they lie in R(S,,a, 6). 

Such a curve g is called an n-meridian or a polymeridian with n links, 


and denoted by (Aj, Ag, --+,An)- 
We shall denote by ¢,, for n odd, the collection of all n-meridians 


(Ay, Ao, °**5An) for all possible values of the coordinates Aj, A2, +++, An- 
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For n even we mean by ¢t, the collection of all (m+ 1) meridians 
(Ay, Ao, «++, Any A843) for all possible values of the coordinates Aj,---,An 
and a fixed value of \n41 = Anyi. The sets of curves thus defined for n 
odd and n even form subsets of R= R(S.,a,6) and constitute an n- 
dimensional A-cycle in R, and for a fixed 7n in all the Ry for sufficiently 
large N. 

Each ¢, is an n-dimensional torus, the dj, 9, ---,A, being the cyclic 
coordinates on this torus. 

Cycles in t,. The torus t, has n independent one-dimensional A-cycles 
ti(i = 1,2,---,n) given by the systems of (n — 1) equations \; = const., 
where j #1. 

The dual to t! is the (n — 1)-dimensional torus t}_,, which is a A- 
cycle defined by the equation \; = const. We have 

thi Xt? = by, 
where 6;; is the Kronecker delta, equal to zero if 1 #~J and equal to 
unity if 1 =/. 

Remark. In the case of even n, putting the fixed coordinate An4, = 0, 
we will for short write (Aj, A -°-:,An) instead of (Aj, A, °° +, An, 0). 

We shall relate to this (n — 1)-dimensional A-cycle the one-dimensional 
V-cycles equivalent to it. 

Consider two points in t,: gi(Ay, --*;An) and qgo(Aj,---,An), the distance 
between which is less than some fixed « (sufficiently small: « < h), so that 


We eee oe eee 


We shall denote by F'j(q,,q2) the function of the pair of points q,, qo 
of the torus ¢, for which p(qj, qo) < «, 


Gi = (My Aas Andy G2 = (At Avy 225 An) 
given by the following formulas. For simplicity we take \?~0. Then 
we put 
1, if; < AP <j; 
(13) Fi(qi,42) = 4 —1, if A> A> dj; 
0, if A; — A? and d; — A? 
have the same sign. 
The system of functions F{ as «—0 defines a one-dimensional V- 


cycle, whose support is the (n — 1)-dimensional torus t?~!. We shall 


denote this cycle by Zi. The cycle Z} is dual to the one-dimensional 
A-cycle tj, 2; X t?/ = dy. 
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Therefore it follows that the V-cycle Zj and the A-cycle t‘_, of comple- 
mentary dimensions are equivalent. 
Consider ¢t, as an n-dimensional cycle on itself. Then 


(ZixZix---xXZ)xXt,=1 


where the product inside the parenthesis denotes the Alexander product. 
This follows from the equivalence of Zj and ti_, and the equation ¢}_, 
4 x ES 1 ain. 

We shall give another expression for the functions F‘. On the poly- 
meridians q(\,, ---,A,) we define a parameter 7 such that on transiting 
the meridian (\,) from a to 6 the value of 7 changes from 0 to 1, on the 
transit of the meridian (),) from 6 to a the value of 7 changes from 1 to 2, 
and so forth. More generally on the corresponding circuit of (A;) 7 
changes from i — 1 tou. In total 7 changes from 0 to n. For n even the 
supplementary interval n <7 <n-+1 corresponds to the common fixed 
part of all the polymeridians of ¢,. Under this assignment the points 
corresponding to a given value of 7; on different polymeridians lie on 
the same parallel. 

Suppose that p(q,,q2) <«. Join the points a, and 0, of the curves q 
and g. corresponding to the same value of the parameter 7 by short 
arcs a,b, of the parallel. We denote by Wi (7, 723 G1, Go; c) the degree of 
covering of the point c by the film consisting of the arcs a, 6, for 7; S 7 S 72. 


LEMMA 6. Suppose that the point a; lies on the meridian (d?). We have 
Wil = 1, L; Q1) Q2; a;) — (— 1) UF (qi, qo) 


On the curves 4,(A,A2°-*:;An) and go(Ar, Az, -»+,X,) the meridians 
(— 1)(A) and (— 1)'(\,) correspond to the interval (1 — 1,1) of the 
parameter 7. Joining the points a,and 6, for all :— 17 <1 by arcs 
a,b,, we obtain a film stretched on the lune formed by the meridians 
(.,) and (\;) with boundary (— 1)‘ '[{(A) — (Aj) ]. If i <7 < ; the point 
a; lies on this film, and the orientation of its boundary coincides with 
the orientation of the sphere S,, and the order of the point a; relative 
to this film is equal to (— 1)‘. 

If \; > A°>2,, this film covers a;, but the order of a; relative to the 
film is —(—1)'!, since the orientation of (— Li [A) — Q) | is 
opposite to the orientation of the sphere So. 

In the remaining cases the points a; lie outside the corresponding 
film, and the corresponding order is equal to zero. 
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Comparing the results just obtained with (13), we get 
FS(q1, 42) = (— 1° Wii — 1, 65.91, 25 @i). 
The lemma is proved. 


17. Index of intersection of V- and A-cycles in R. in the space R, for 
sufficiently large N, the V-cycles TJ” and A-cycles t, are defined in Ry. 
These n-dimensional cycles are dual. In fact: 


THEOREM 1. T"X¢, = (— 1)""-™. 


To determine the intersection index T”" X t, in Ry, where Ry )t,, we 
need the intersection index in the manifold of the n-dimensional V- 
cycle T’” induced by T” and ¢, itself, considered as an n-dimensional 
A-cycle. 

But, as we shall now prove, in the torus ¢, the cycle T” coincides with 


(14) PE (Se Fy PI Te te CZ 


i.e., up to sign with the Alexander product of the n V-cycles Z;} defined 
in the last section. Our theorem will follow from (13) and (14). 

Take an everywhere dense net in Ry containing an everywhere dense 
subnet on ¢,. For groups qi, 42, -°-;Qn+1 of semimeridians of t, belonging 
to this net and with indices increasing along with the ordinal number 
of the curve as an element of this set, we compare the functions 


fn(q, G2, °°" *s Gnu); 
defining the cycle T'”, induced by T” on ¢t,, with the functions 


Fn (Qis G25 +++) Inga) 


defining Z} X Zi xX --- X Z~. The parameter + on the polymeridians 
is chosen as in the preceding section. Because of Lemma 7 and the 
definition of the Alexander product, we have 


Fi (Qi, G25 °° ,Qn41) = I] Fi(qi, i+.) 
i=1 


(15) es, I] (— 1) wii ~ 1, L; Qi» 9i4+15 a;) 


i=1 


— (— Eye) i] (avi (ris Gis Vi+13 Qi). 
i=1 Ji- 
Further (see (4) and (2)) 
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fn (Gis Qa, *- On41) = i AW1 (7:5 G1, Qa a) f AW (725 Gz, G3} Az) ++ 
(16) ‘i 


ate { AV‘ (7, Qn> Gn+15 Qn+ 1). 
Tn—1 


For the proof of the theorem we need to prove that the right sides of 
(15) and (16) coincide. 

Choose points a;, i= 1,2,.-.,n, lying on different meridians ();), and 
numbers a >0 and «>0 such that no meridian intersects two of the 
disks S(a;,a). We also take « <a/4. Consider (n+ 1) polymeridians 
qi, t=1,---,n +1, where S(q;, 94) <«. Under these hypotheses, it is 
easy to verify the coincidence of the integrals on the right sides of (15) 
and (16). In fact, consider for 7€ |i — 1,i] the arcs a’ai,, joining the 
points of the curves q; and q;,, with common values of the parameter 
7. If 


dyi(7;, qi; Gi+1) €) = QO, 


the arcs ajaj,, contain the point a; the curve q;, intersects the disk 


S(ai,e), and the remaining curves qi,---,q, intersect S(a,, a). The 
product 
(17) I] dyi(7, dis di+1, i), v <1 <T2<S eee < Tr< n, 
1 
can be different from zero if all the curves g;, j= 1,---,n-+ 1 intersect 


all the disks S(a;,a), successively in the order of the indices 7;. But 
since each of the curves q; constituting the meridian intersects only one 
of these disks, it 1s evident in this case that the disk S(a;,a) intersects 
the ith constituent meridian of these curves. 

For a value of the parameter 7; for which the product (17) is different 
from zero, the arc aj'aji,; contains a;, so that 7; lies in the interval 
|i — 1,2] corresponding to the :th meridian. Therefore, if in the integrals 
we replace the limits on the right side of (16) by the numbers 7 — 1 and 
1, we do not change the value of that integral. Thus we have proved 
that the right sides of (15), and hence therefore their left sides, coincide. 
In view of what was said before the theorem is proved. 

It follows from Theorem 1 that, for any modulus p > 0, the A-cycles 
t, and V-cycles 7” are not homologous to zero. 


LEMMA 6. In the space R= R(S,,a,b) there exist no n-dimensional 
A-cycles linearly independent from ty. 
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Suppose that on S, the metric of the Euclidean sphere has been 
established. Suppose that r; and r, are the smaller and larger arcs of 
the great circle r joining a and 6, and suppose that the direction from 
a to 6 along the arc r, is positive. Denote by r4, the arc r;-+ nr, and 
by fon4, the arc r, — mr (they consist of arcs going around the circum- 
ference respectively r; and r, and n times).') The arc r, contains (k — 1) 
points conjugate to a, while 6 is not conjugate to a, 1.e., 7, is a non- 
degenerate geodesic arc in the sense of Morse [21] of the (k — 1)st 
order. The number of linearly independent n-dimensional A-cycles in 
R is not greater than the number of geodesic arcs of the Ath order 
joining a and b, as Morse proved for the case of homologies mod 2. But 
Morse’s proof remains valid also for homologies modulo any prime (and 
with any field of coefficients, which we shall consider below). Therefore 
in R there are no two linearly independent A-cycles of arbitrary dimension 
(since there exists a unique geodesic arc of any dimension joining a and 0. 

Since ¢, is nonhomologous to zero, then any n-dimensional cycle de- 
pends linearly on f,, 1.e., 


(18) Z, ~ 0 or 2, © qth, O<q<p. 

LEMMA 7. If Z” is an n-dimensional A-cycle such that Z" X t, = q, then 
(19) ZV (—1)2@-D2 QT", 
In fact, if 


UM = 7" — (4) -Y2gT 
then from the hypotheses of the lemma and Theorem 1 
UN X= 0. 
But for any n-dimensional A-cycle z,, from (18), 
U" Xz, =0. 


Therefore U"V 0, which proves the lemma. Every n-dimensional V -cycle 
is homologous to zero or to g/” for some 0 <q <p. 

We have found the structure of all the groups of A- and V-homologies 
for any prime field. Now suppose that the A-homologies are taken with 


() Translator’s note. There is obviously a garble somewhere in this sentence. If the 
author means to employ the same notation as Morse [21] (see top of page 245) he means 
that ro, is r; + mr and ro,41 is — rg — nr, the positive direction on ro being that from 
a to 8. 
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the K-additive group of real numbers mod 1 as coefficient group, and 
correspondingly the V-homologies ‘‘modulo 0’’, i.e., with the whole 
numbers as the additive coefficient group. 

Theorem 1 remains valid if it is formulated as follows: for any a 
with 0<a < 1 

T" X at, = a £0, 

which proves that TJ” and at, are nonhomologous to zero. 

Analogously one proves that every n-dimensional A-cycle is homologous 
to 0 or at at,, 0 <a <1, and that every n-dimensional V -cycle is either 
homologous to 0 or to qT", where gq is any whole number. 


18. Products of V-cycles in R. The product 7” x T”. We introduce 
the following concept. Suppose given two systems of elements, for ex- 
ample the numbers (1,2,---,n) and (n+ 1,n+2,.---,n+™m). 

We shall call a permutation of the (n + m) elements of both systems 
admissible if it preserves the relative order of succession for the elements 
of the first system and for the elements of the second system. For example, 
from the elements (1, 2), (3,4) we may set up 6 admissible permutations: 
(1,2,3,4); (1,3, 2,4); (1,3,4,2); (8,1,2,4); (38,1,4,2); (3,4,1,2). How- 
ever, the permutation (2,1,3,4) is not admissible, because it destroys 
the order of succession of the elements (1,2) of the elements of the first 
system. 

Now form all possible admissible permutations of the (nm + m) elements 
of the two systems (1,2,---,n), (n+1,n+2,---,n-+m) of n and m 
elements. We shall denote by C,,, the difference between the number 
even and odd among these admissible permutations. For example, of 
the 6 admissible permutations of the elements (1,2), (3,4) presented 
above, 4 are even: (1,2,3,4); (1,3,4,2); (3,1,2,4); (3,4,1,2), and two 
odd: (1,3,2,4); (3,1,4,2). Thus Cy, = 4 — 2 = 2. In other words 


Cr — Pa sign (1, Lo, sae Lica) 


where the sum )_’ is taken over all admissible permutations (1), 12, ---, bas) 
of the elements (1,2,---,n), (n+ 1,n+2,---,n +m). 


THEOREM 2. . 
(20) TO Ce Os, 


Now suppose that the cycles Tehco...c,p ANd Teh41---cn4m are defined ac- 
cording to formulas (4) and (5) by the functions f; and fr. 
Because of the definition of the Alexander product for cycles, for the 
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n-+m elements 41, Q2.° +++ Qn» Qn+itsQn+29 °° *» Intm+1) 
(4,4) <¢, j= 1,2,--.n+m+ 1, 

taken from the net and ordered according to their order in the net, 
one may construct the functions 

Fig m(Qts Q2s °° ¢ Ins Qnty °° In+m4) 

= FCG G25 © +s On4-13 C29 C29 0+ Cn)» fin(Gn4ts Int-2s ** +s In+m+1) Cn+1sCn+m)- 

Because of the definition of f; and f,,, passing from writing them in the 
form of Stieltjes integrals to the form (3) as the product of jumps 

Prag m(Q1, Qa, * +5 Ins Int ts In42s ***s Intm+1) 


n 


(21) = > [] dv¥ilti, ai, Qi, Ci) - I] AVS (tn4 js Qn+is Intj+i»Cn+i)> 


t=1 j= 
O<t<h<---<t,< 1, 0 < that <tnig <ee- <bhiam <1, 


where the sum >’ is extended over all products of jumps different from 
zero, for which the values of t;, t,,; satisfy the corresponding inequalities. 
The right side of (19) may be represented in the form 


n+m 
> I] aWi(7:, Giz i »C; } ’ 
(22) (its saaica) k=1 eae 


O< <1. <0: < thin <1, 


where (11,12,°::,lnim) iS an admissible permutation of (1,2,---,7), 
(n+1,n+2,---,n+m). 

The sum >.” is taken over all admissible permutations of these (n + m) 
elements, and for every admissible permutation the sum )>”’ is taken 
over all products of jumps which are different from zero for the values 
of the parameters 7, satisfying the corresponding inequalities. 

Turning from the expression in the form of sums to the form of 
Stieltjes integrals, we obtain 


Friam(Q1; 2s °° +> Qn4m4i) 


1 1 
= >)” |, AWC 71, iy Gigs Ciy) [ AW (72, Jigs Gigs Cig) + 
i1,t2,---ipntm 4° rT] 
(23) 


l 
aWi (7 Ci 
[ i( n+my» Cane Gin sms "ins m ) 


n+tm-)] 
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where the sum >.” is taken over all admissible permutations. 

The functions depending on the permutation (1), ig, +++, Un4m) and standing 
under the summation sign in the first part of (21), define a certain 
(n + m)-dimensional V-complex, which we shall denote by Tit... i,m: 
It follows from (21) that: 


PRT 5 Tee 


<a : Eyton tm! 
11.t9,°*-sln4m 

Hence 

(24) Pex XAG DO as 


118Q.°* sn tm 


Each product in the right side of (24) is equal, because of arguments 
repeating the proof of Theorem 1 (§17), a product in t,,, of a group 
of (n+ m) one-dimensional V -cycles: 

(— eee eee Zi} x Zi2 “wee & Zintm 


= ( — 1D eee caer sign(1,, diss sas Liaite) 
Substituting in (22), we obtain 
(T?X T") X trim = (— YOTMern Ve De” sign (di, ta +++) Ent-m) 


1),19,° . “Intm 


— (— 1G ee are Ci. 


From the last equation and from (19) it follows that equation (20) is 


proved. 
EXAMPLES. From the elements (1,2,---,m) and (m-+1) we may 


form m+ 1 admissible permutations 
(1,2,---,i,m+1,1+1,---,m), 1 =0,1,2,---,m. 
Here sign(1,2,---,i,m+1,i+1,---,m) =(—1)”"“. Therefore 
m | 1 for m even, 
Cm = 2,6 a e for m odd. 
Thus, 
{ha ae uae Raa 
POST 0, 
Further, 
Cro = [n + 2/2]. 
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Indeed, all admissible permutations of (1,2,---,n)(n+1,n+ 2) have 
the form 


(1,2,--,in+1ti4+1,--j,n+2,j)+1,---,n), OSiSjSn 
sign(1,2,---,in+1,t+1,---,j,n+2,j+1,---,n) 
= (— 1)" = (— 1)'?. 


Hence | 
C42 > > (—1)it= x nie onze 
i=0 jai i=0 
_ n+ 3/2—(- 1 le ES 
2 2 
Thus 


T° Xx T?9 [(n + 2)/2]T?*. 


19. Application to geodesic arcs. 

Classes of K-cycles in R. We have assumed that the metric on S, was 
the metric of the Euclidean sphere. We may put any Riemannian 
metric on S,. Then on the curves g€ A there is defined the functional 
I(q), the length of the curve q. For sufficiently large N, Ry contains 
the family ¢,. On R there are defined /-dimensional V-cycles T’ and a 
class (Z') of V-cycles homologous to qT", where g is any integer if the 
homology is mod0 and 0 <|q| <p if the homology is taken with respect 
to a sufficiently large prime number p and so forth. For Z'C{Z'], 
Z’C|Z'], Z'*°C [Z'*"] we have 


Bx ZT C2!" 
Since C,, = 1 for n even and 0 for n odd, C,.= |(n+ 1)/2], Z'X 2? 
db 0, if p> (homologies mod p) 
(25) (Z'x 2?) € [Z'*?], 
and if / is even 
(25’) (ZX Z') €[Z'7?]. 


Denote by (z,) a K-class of k-dimensional A-cycles for which Z* x z, ~ 0 
for Z*C[Z*], zeCl[z%]. The torus & is a representative of this class, 
so that the class is not empty. 

In view of (25) the class (z,) is subordinated to the class (2,42) by 
means of the class [Z*], and for k even from (25’), the class [Z*] is 
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subordinated to the class [Z**'] by means of the class [Z']. 

M. Morse [21] discovered a countable set of geodesic arcs joining 
the points a and b of S,. We shall sharpen this result. 

We denote by c, the lower bound of the maxima of I on the cycles 
Z, of the class (z,). We have c, S cx44. 


THEOREM 3. (1) To each c, there corresponds a geodesic arc of length 
c, and order k. 

(2) The numbers c, grow unboundedly and remain included between 
the terms of two arithmetic progressions. 

(3) Always cy < Cp42. 

(4) For k even, if cy =c,,, =, all the geodesic arcs issuing from the 
point a pass through the point b, while the arcs of these geodesic arcs that 
are bounded by the points a and b have equal lengths c. 


The first of these propositions follows immediately from Theorem 1 
of Chapter I and Theorem 1 of Chapter III. 

The level surface (J = c,) contains a nonempty critical set, contained 
in the set of geodesic arcs of length c, joining a and DB. 

The fact that there exists on (J =c,) a geodesic arc of order B, i.e., 
containing k points conjugate to a, follows immediately from the Morse 
theory, which proved that a geodesic arc generated by a class of k- 
dimensional cycles can only be of order k. Morse [21] restricted himself 
to homologies mod2, but his proof carries over verbatim to the case 
of arbitrary modulus. 

For the proof of (2) we note the following. Suppose that H is the 
maximum of the distances between points of S., and e and f are points 
of S. for which p(e,f) = H. Choose points a;, 1 = 1,2,---,k such that 
for odd indices the a; lie arbitrarily close to e and for even indices lie 
arbitrarily close to f, so as to satisfy > ?-19(a;,ai,;) =nH — «, where 
« is an arbitrary positive number. 

A curve g passing through aj,@,,---,a, has a length not less than 
nH —«. Since for any cycle z,€ [z,] and V-cycle Té,o...4, the inter- 
section index differs from zero, it follows that z, and the support of 
{ ere have a nonempty set-theoretical intersection; z, contains a 
curve q entering into the support of T¥,,)...a, which successively goes 
around the & points 4@j,@,,---,a,. The length of such a curve is not 
less than RH — «. Therefore 


c,= inf sup(qg) 2 RH —e. 
ZpE (zp) GE2p 
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Since « > 0 is arbitrary, therefore c, = RH. 

On the other hand, we may map the sphere S, analytically onto 
itself in such a way that a pair of diametrically opposite points a’ and 
b’ go into a and b, and the meridians joining a’ and b’ go into certain 
curves, namely distorted meridians. Suppose that d is the maximum of 
the lengths of these curves. The polymeridians with poles at a’ and 
b’, forming a family t of curves consisting of k or k+ 1 meridians, 
and the lengths of such curves does not exceed (k+ 1)d. The family 
ki, of polymeridians goes into the family t,, on which I(qg) < (k + 1)d. 
But t € [z,|, so that 


sup [(q) S$ (k+ 1)d 
gElp 


c,= inf sup/(q). 
zpE (ze) GEzR 


Thus 
c, < (k 4+ 1)d, kRHsec, 85 (k+1)d. 
The case of merging c,. Now we turn to an analysis of the case when 
C=C, 


First of all we shall show that c, <c,,2. In fact, if c, = cyi2 = c, then 
(J = c) contains a critical set of dimension 2. The class (z;) is subordinated 
to the class (2,42) by means of the class [Z?]. Because of the funda- 
mental theorem, for c, = C,,2.=c the “level surface’ [= c contains a 
critical set of dimension 2. This means that there exists a set of geodesic 
arcs joining a and 6 and of length c, having dimension 2. But since the 
set of all such arcs cannot have dimension 2, this proves item (3) of 
the theorem. 

Item (4) follows from the subordination of the classes (z,) to the 
class (2,,,) for k even. In the case c;'= c,,; = c, k = 2l, (I =c) contains 
a one-dimensional A-cycle of geodesic arcs, not homologous to zero. In 
this case these geodesic arcs of length c joining a and b must issue from 
a in all dimensions. 

REMARK. We have restricted ourselves to only those A-cycles which 
are K-cycles. But the introduction of arbitrary A-cycles in R (into all 
the #y) does not give us new homology classes. Suppose that 0< « </h. 
Consider the e-simplex (q, ds, ---,9n41). We may introduce on the curves 
qi, t= 1,2,---,n +1, a parameter 7, 0<7<1, such that the points 
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a; of the curves q; corresponding to the common value of the parameter 
7 are distant from one another by a distance <«. Construct an ordinary 
geodesic simplex with (n+ 1) vertices aj, i= 1,2,---,n +1, and con- 
sider the point c =c(7;)j4,o,---,An41) having on this simplex bary- 
centric coordinates \;, 1=1,2,---,n+1, 4,20, >0;\,;=1. For fixed 
Mi, A, °**>Angi the collection of points c(7; Ay, Ag, +++, Angi) With O <7 <1 


forms a curve q@(Aj, Ag, --+; Angi)» Phe collection of curves q(\i, Ag, -- +5 Anga) 
for all possible \; with \; = 0 and >|; = 1 forms a “‘normal’’ n-dimensional 
e-simplex in A with vertices q;,q42,°--,Qn41- This simplex is a K-set in 


k. Any e-complex may be approximated by an e-complex consisting 
of normal e-simplexes with the same vertices. Such a complex is a K- 
set. In particular, any A-cycle may be ec-approximated by a K-cycle, 
and the introduction of arbitrary cycles in Ry (and in RA) does not give 
anything new from the point of view of homology classes in comparison 
with K-cycles. 


20. Some homotopy questions in R. By generalizing the concept of 
the ‘“‘length” of a cycle introduced by S. Frolov and L. El’sgol’c for an 
n-dimensional manifold, one may define the concept of the length of a 
A-cycle in a compactum. 

The A-cycle x has the length lJ, written long x = |, if there exist / but 
no more V-cycles X,, X2,---,X; in M such that 


(X, xX XX X3--- KX Xi) Xx #0. 


THEOREM 4. The category of the A-cycle x in M is not less than its 
length plus unity: 
catx 2 longx+ 1. 


In fact, suppose that longx = /, catx $l. Then there exist / closed 
pieces m,,m»,---,m, of the set x such that x=) j..m;, catm,;=1. 

Since longx =, there exists / cycles X,,Xo,---,X; such that 
(X, xX XoX--- X X) X x0. This means that the set-theoretical inter- 
section of the supports of those cycles and x is not empty. 

Since m,(1 = 1,2,---,l) reduce under deformation to a point, then 
every A-cycle in m; is homologous to zero. In view of the theorem on 
merging of cycles, there exists a V-cycle X; homologous to X; and lying 
outside m;. Also, since 


NR ee CK Ri ee 
therefore 
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(Xi Kix as CX) K=O, 


But on the other hand, each X; lies outside m;, and their set-theoretical 
intersection lies outside > m= x, i.e., the set-theoretical intersection 
of the supports of X),X,---,X, and x is empty. The resulting con- 
tradiction proves the theorem. The proof repeats the proof of the 
theorem for the n-dimensional case, with the Pontrjagin theorem on 
contraction of cycles replaced by its generalization by P. 8S. Aleksandrov 
[2a] to the case of a compactum. 


THEOREM 5. The category of the set t, in R satisfies the inequality 
[(n + 3)/2] S catt, Sn+ 1. 


The family t, of polymeridians immediately decomposes into n-+ 1 
parts (no one of them covering the sphere S,) which reduce to one 
polymeridian, i.e., they have category 1. Therefore the left side of the 
inequality follows. 

The right side of the inequality will follow from the formula 


ZX 270 CZ", = Cp = [(n + 8)/2| <0, 
LODE, ZO STIG 


and Theorem 1. 
In fact, suppose that n is even, n = 2l. Then 


BPKXEXEX-- XZBICZ 
Se eee 


/ times 
Cy = Coo X& Cyn & ++» K Cy a2. 
If the homologies are taken with a modulus p> C,, then 
llega fo ati a a X ty = C, #0. 


l times 


Therefore long t,, = l. 

The length of t,; cannot be greater than /, since if we had a product 
of !+ 1 or more V-cycles, the sum of whose dimensions was equal to 
21, then among them there would be at least two one-dimensional 
cycles, and the product of two one-dimensional V -cycles (since C,, = 0) 
is always V-homologous to zero. 

For n= 2l+ 1 
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V hate a Sealy CD Oy uae Gy Jaa Oi hy Ge ee O10 Aa 
en a 

l times 


(Z°xXZ’*<X oe X Ze 7) < bai = C, + 0. 
ee, 
! times 


Therefore 


long ty4, S¢+ 1. 


— 


But the length of t):,,; cannot be greater than !+ 1, as follows from 
arguments analogous to those for the even case. Thus 


long t, = [(n + 1) /2|. 


For N sufficiently large, so that ¢, lies in Ry, we therefore have 
cata, t, 2 long, + 1= [(n + 8) /2]. 


But categt, = catryty for sufficiently large N. In fact, a deformation 
of the set of polymeridians into some rectifiable curve g of R may be 
approximated for sufficiently large N by a deformation into this curve 
in the space Fy. 

Thus the left side of the inequality is also proved completely. 

In the space A there exist sets of arbitrarily large category. 

21. Cycles with real coefficients. In this section, without further dis- 
cussion, we shall consider homologies with the additive group of real 
numbers as coefficients. 

Suppose that on the sphere S, there is distributed some mass T, 
with density everywhere zero or positive, and suppose that the total 
mass is equal toa > 0. By the 7-measure of a region we shall mean the 
measure of that portion of the mass of 7’ which lies in that region. For 
simplicity we shall first suppose that the density of this mass is positive 
inside some region ¢ homeomorphic to the disk and equal to zero outside 
this region. 

Suppose that g, and qg, are two curves of R with p(q,, qQ2) < «. Suppose 
that on them we have chosen a parameter ¢ such that the arcs a,6, 
joining points g, and gz. with common values of the parameter ¢ may be 
chosen to be smaller in length than «. Denote by 4,|1,91,q, T] the T- 
measure of the film formed by the arcs a,b, for 0 St’ St. (1,491,492 T| 
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is the 7-measure of the portion of S, bounded by gq; — q2 The func- 
tions f{(q1, 45) = ¢:[1, 41,92, 7] define a one-dimensional V-cycle Z7 
relative to the reals. As in the preceding case one may prove that all 
the Z? are V-homologous to one another. Denote the class of all V- 
cycles V-homologous to aA}, a +0, by (Z’). 

Now suppose we are given n masses 7',, T>,---, 7,, having densities 
different from zero inside regions (j, t2,---,¢, homeomorphic to the disk. 

Further, if »(q;,¢)) <e (J =1,2,---,n +1), write 


o5 141, Ga; vey Qn+i5 T), T, eal | T,, | 
(26) 1 1 1 
= i d¢,|t,, dis Qo, rif d¢,|t2, 41, 42, T;| ah i Adil tn, 91, Ja; Tn | 
1 n— 


(the differentials do not still denote jumps, since all the 4,[t;, 4, Qi41, 71] 
are continuous functions of the parameters {¢)). 

For sufficiently small « the values of the function ¢;, does not depend 
on the choice of the system of arcs forming the film joining the curves 
q; and q;,;. The proof is the same as in Lemma 1 of §15. 

The functions of the elements of an everywhere dense net 


(27) PACKS da, °°", Qn) = vi, G2. °° *sQn-15 T), T», very Lay: 


if Gi, G2, °**;Qn41 are ordered as in the net, and 


ACRE dios et qin.) = sign(1,, Lo, ae bn+1) Fn(Q d2,°°°, Qn+i) 


define an n-dimensional V-complex Z7,1...17- 

Analogously to the case of a prime modulus p one proves that: 

(1) all the Z7,7,...7, are n-dimensional VY -cycles; 

(2) all the Z7,7...7, are homologous to one another. The class of all 
cycles V-homologous to Z7,7...7, is denoted by (Z"). 

(3) if Z".Z2",Z"*™ are cycles V-homologous to 

LT 12+ Tas ZL Ty T9-+-Tm) LT To ++:Ta ms 
then 
ZX ZT Cup Zt 


The hypertori ¢, considered in §17 are also n-dimensional A-cycles 
when taken with real coefficients. 


THEOREM 6. The intersection index Z" X t, = a”. 


In the case n=1 this is proved directly. The set ¢, of meridians 
covers the sphere So. 
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If 
Jos W15 92 °° 9 9n = Gor PGi Gia) <e 


is a cyclic sequence of meridians, then 


fi(qi, di) = 61(4:, 9i+1) 
is the 7-measure of the strip bounded by (gq; — q;,,) and 


r—] 
DAG: Ji+a) 
i=0 


is the 7-measure of the entire sphere S,. Therefore this measure is 
equal to a and 


(28) Z2rXty= Qa. 


We turn to the general case. Here ¢, is an n-dimensional torus, and 
its element the polymeridian q()j, A2,---,An) is defined by the n cyclic 
coordinates \j, \2, ---,A,- We introduce a new parameter 7 on the poly- 
meridian g(Aj, A2,°--,An) so that the ith meridian of the polymeridian 
q corresponds to the interval (1 — 1,7) of that parameter; 7 varies from 
0 to n. Therefore in the definition of fx (q@1, G2, --°,@n41) by the formula 
(27), for the polymeridians g; we need to put nm as the upper limit of 
the integrals. Write 


| * Be or 
GQ, @2°°* An 


B 


] Bo Bn 
=f do,|ty, 91, G2, 7T;) f. dg, |ts, J25 Y3; T>| af déy|th, Qns Qn+1) T,,]. 


a | 


(29) 


In particular 


mnmn rn 
fi (qi, Qa °° +, Qn4i) = | | . 


QO ty tye ++ thy 
We have 
nn n’ In n nn n 
ee eee, eee 
Ot, ---t-y O ty --- baa 1 ty +++ bn-y 
But 
Lc, n | 0 
CO e 
ey) 1 t, byt “= 


74 CURVES WITH COMMON ENDPOINTS 


In fact, the lower limits in the integrals (29) corresponding to the left 
side of (30) are all = 1, i.e., if this integral is a function g(q, qo, «++, n+1) 
of the vertices qi, 2, °°+,Qn+1 Of an n-dimensional simplex, where 


qi = (i, x; - Na) s 


then that function does not depend on the first coordinates \, of the 
vertices 


qi = 12s ee (ee 1). 
since the first meridians Ai of the polymeridians gq; correspond to the 


intervals (0,1) of the parameters ¢;, which do not enter into the intervals 
of integration. If 


qi (0, Xb, ae ri) 
is the projection of g; onto the (n — 1)-dimensional manifold \, = 0, then 


£(d, G2, ° +, n+) — £ (qi, 2; ac +s Qn41)- 


Therefore the intersection index of the n-dimensional V -cycle generated 
by the function g with ¢, coincides with its intersection index with the 
n-dimensional A-cycle ¢, constituted by the projections of the simplexes 
t, on the manifold \, = 0. This index is equal to zero, which proves (30). 


Therefore 
wn n ] ae n j 
CO - 
O ty tg+++ty_y O ty tg--- ty 


Analogously one proves 


F nn n ] | 12n n ] 
x 
O ty tg--- ty O t, tg+-+ tay 
and more generally 
12---1-In n on 1 2 t—-lil n on 
(31) | | - | | 
Oty---t2 biaybe ++ tay Of,---t-2 ty te. 
by successive application of (31) we prove 


Te OS ea 
(32) paws nN | n |. 
OF teewting Oe ees See 


Analogously 


oe  e oe n—l1n L2 n—-in-]1 
Bo |+| ic 
O t)---t,-2 bn—1 Ot, --- lt,» n—1 Ot,--- 


bn—2 bn—-1 
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but the second term is equivalent to zero, since it does not depend on 
the nth component of the vertices q,, qo, -+*,Qni1- Hence 


oe n—l1n Yo n—l1n 
OO 
ists tea bh O teetss a 


and more generally 
12 t~—1li i+1 n 2 ; — A 

(33) | “a lel L as r+ 1 in i 
Ot---big Gioyl--» n-1} ~LOk---t_. 1-1 i n-1 


successive application of formula (33) yields 


L223 n 123 n 
(34) | il ie 
Ot, to---b_, Q012---n—-1 


From (32) and (384) it follows that 


lnn n 123 n 
fii, Qe, +) Qnay == | | ee | | 


Ot, tg---t,_ Q012.--n—-1 
(35) - 1 
= I] i) adylti di» Gi+1 T;]. 
I=] Ji 
Write 
(36) FS (qi; Ji+1) = J, aes dis Wi+1s T;|. 


Fs defines on lt, a one-dimensional V-cycle U. 
If ¢; is the equator of t,, defined by the formulas 


Ay = X= eee = Ai_y = Ajai = -++ =}, = 0, 


then Uj X ti = a, the intersection index being taken in ¢,. This follows 
from the same arguments as those which proved formula (28). 
It is clear from (35) that the V-cycle Z” defined by the functions f, on 
t, is homologous to the Alexander product of the cycles U] X Ui xX --- & Uf. 
We need to prove that on ¢, 


Ui xX UX -+» X UT =a". 


To this end we note that if g,(\y, 0, ---,0) and g.(\j,0,---,0) are two close 
parametrizations of tj, then F¥(q,,q2) [see (36)] denotes the 7\-area of 
the sphere S, between the meridians (\,) and (\;). This may be considered 
as an element of length of the equator ¢{, corresponding to its small one- 
dimensional simplex (q;,q2). If we turn from V -cycles modulo the reals to 


76 CURVES WITH COMMON ENDPOINTS 


de Rham differentials, then the V-cycle Uj corresponds to a differential, 
namely the element of length on the equator tj, and more generally the 
VY -cycle Uj corresponds to a differential, namely the element of length on 
the equator ti of the torus t,. The expression for the Alexander product of 
the cycles Uj, Uj,---, U? shows that the function defining this product 
expresses the volume element of the torus ¢,, or rather of the n-dimensional 
parallelepiped from which t, was obtained by identification of opposite 
faces. The volume of ¢, is equal to the product of the !engths constituting 
ti, ty, ---, tf, i.e., toa”. Therefore the intersection index on ¢, of the product 
of the cycles (U; X U? x --- X U}) witht, is equal to a”. On t, this product 
is V-homologous to the V-cycle Z”. Hence Z” Xt, = a" #0. 

Thus we have proved that both the cycles Z” with the reals as coefficient 
group, and the A-cycles ¢,, are not homologous to zero. 

From arguments analogous to those given in the proof of Lemmas 6 
and 7 of §17, we obtain the following. 

Every n-dimensional A-cycle in R with real coefficients is homologous to 
yt,, where y is areal number. Every n-dimensional V -cycle is homologous 
to yZ", 

PELE T Ca 
LCL Sa Si. 


These equations characterize the homology groups and the ring of products 
in R with real coefficients. 


22. The n-dimensional case. 

Space of arcs on the n-dimensional sphere. The methods and results of 
§§15— 21 extend to the case of the more general space R = R(S,,a,b) of 
all rectifiable arcs on the n-dimensional sphere joining the pointsa and b on it. 

Denote by Z?~' the (n — 1)-dimensional V-cycle in R(S,,a,6) defined 
as follows. On the n curves 


Gi, 92, °°°sn, p(qi, q;) < €, LJ = Los are gb 


we stretch an n-dimensional film. For example, we introduce a parameter 
ton the curves q; so that the points a; with common values of ¢t are distant 
from one another by distances not exceeding «. On the points a',a},.-., a, 
we stretch an (nm — 1)-dimensional spherical simplex. The collection of all 
these simplexes for 0 S$ ¢ S$ t, forms an n-dimensional film. We denote the 


degree of covering of the point c by this film by 


v(t); qi; oy: 95 Gn; c). 


THE nN-DIMENSIONAL CASE V7 


The functions 


fi (qu, Ga, °° +, Qn) i ¥i(13 q, da, °° "> Qn; c) 


define an (n — 1)-dimensional V-cycle Z2~' modulo any prime p. 
Further, define an m(n — 1)-dimensional V-cycle as follows. Suppose 
that 


mG; q2, ae Gn» Qn4+15 vy ae Qmin-1) 41) C1, Co, ae -, Cm) 


l 1 
-{. dYilhs diodes --sdase f AW (to3 Ans Intis ***s on—13 C2) + *: 
1 


1 
vee f Avi (tn3 Qm—1)(n— 419 °° > Imin—1) +15 Cm) 
m—1 


The functions 


Wm(Qi, G2, ieee Qmin—1) 419 C1, Ca, °°, Cm) 


define the m(n — 1)-dimensional V-cycle Z7%-".. Denote by Z™""" a 


m(n—1) 


V-cycle, V-homologous to any Zei¢5...cm- We have 
ZOD y Ziia-y vy C, Zero 


where C,; is defined as in §16. 

For r = m(n — 1) all the r-dimensional V-cycles are V-homologous to 
qZ’. For r# m(n —1) all the r-dimensional V-cycles are V -homologous 
to zero. 

If a and b are diametrically opposed points of the sphere S,, then 
the collection of meridians— semicircles joining a and 6—is homeomorphic 
to (n — 1)-dimensional projective space. If y is a point of projective 
(n — 1)-space, we denote by (y) the meridian corresponding to y under 
the mapping of the set of meridians onto this projective space. We 


denote by (y1,7¥2,°°+; Yn) the polymeridian formed by the sum of n 
meridians (y,;) — (y2) + --- + (— 1)"(y7,). The collection of polyme- 
ridians (y1,Y2,°°*;Yee11) forms an (n — 1)(2k+ 1)-dimensional A-cycle 


in R, which we shall denote by ti,—1)2441). The collection of polymeridians 
(V1, Yo, ***> Yok Yor41) for fixed yoe41 forms a 2k(n — 1)-dimensional 
V-cycle toxin). 
We have 
bw 6 ae: 


All r-dimensional A-cycles for r= m(n— 1) are A-homologous to 4d,. 
For r+ m(n— 1) all r-dimensional A-cycles are homologous to zero. 
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Denote by I(q) the length of an arc in S, in the Riemannian metric. 
Suppose that (z,) is the collection of A-cycles for which 


2x7 =. 
Let 


Cc, = inf [ sup I(q)]. 
4(n—1)E(4(n—1)) FE 2l(n-1) 

There exists a geodesic arc of length c; joining arbitrary points a 
and 6 on the sphere S, with any Riemannian metric on it or on any 
Riemannian manifold homeomorphic to S,. 

If co, = Cox41 = C, then there exists an (n — 1)-dimensional A-cycle not 
homologous to zero, consisting of geodesic arcs joining a and 0. In this case 
all the geodesics passing through a pass also through 6, and the lengths 
of these arcs between a and 6 are equal to c. 

Finally, the merging c;=C,,2 is impossible. Always c; < ¢)2. 

The numbers c; increase with / as an arithmetic progression. 


CHAPTER V 


Closed Geodesics on Manifolds 
Homeomorphic to the n-Dimensional Sphere 


Among the problems of the calculus of variations in the large the 
greatest attention, beginning with the well-known work of Poincaré, 
has been paid to the investigation of closed geodesics on manifolds 
homeomorphic to the n-dimensional sphere. In the two-dimensional case 
the question was completely resolved in the joint paper of the author 
and L. G. Snirel’man |19]. In fact it was proved that for a surface of 
genus zero there exist three closed non-selfintersecting geodesics. The 
proof was based on the investigation of the invariant of category and 
the special deformations referred to in Chapter III. The n-dimensional 
case was first investigated by Morse and his school. Indeed, he proved 
that on an n-dimensional manifold &, homeomorphic to the sphere 
S, there are generally speaking n(n+1)/2 closed geodesics. In order 
to guarantee that each of them is not a twice or more repeated arc, 
Morse introduces metric restrictions: it is possible to map A, onto S, 
in such a way that the ratio between corresponding linear elements lies 
between m and M < 2m. But even under these restrictions all of these 
geodesics may a priort merge. We shall prove that on each manifold 
homeomorphic to the sphere S, there are either n + 1 geodesics of equal 
length or else a continuous family of geodesics. For n= 2, using the 
special transformations mentioned above, we obtain a new proof of the 
theorem on three non-selfintersecting geodesics. In the general case 
(n > 2) the Morse restriction continues to be needed in order to verify 
that these geodesics do not reduce to the repetition of a single geodesic. 

The proof is based on the investigation of certain V-cycles and their 
produets in the space P(S,) of rectifiable closed curves S,, and on the 
application of the fundamental theorem. 


23. The case n = 2. On the sphere S, we choose a point a. Suppose 
that g, and q, are two curves of P= P(S,), where p(q1,q.) <¢ <7. 
We denote by fi(qi,92) the order modulo 2 of circuiting of the point 
a by the curve q; — q2 or the degree of covering of a by a film stretched 
on q, and q.. We must choose on q; and q a cyclic parameter ¢, so that 

79 
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the distance between the points aj, and aj, of the curves q, and q» with 
common values of the parameter ¢ is less than e. We join all these pairs 
of points by geodesic arcs of length <.«, forming a film whose degree 
of covering of the point a is also f{(q,,q.). The family of functions 
fi(@1,92) as ¢—0 defines a one-dimensional V-complex, which is a V- 
cycle mod 2. We denote it by Zy. 

All the Z? are V-homologous to one another. We denote by ¢(q;) 
the intersection index of the curve gq, with an arc joining a and 0b. Then 


(1) i(41, 92, @) — £(41, G2, 6) = (G1) — $92). 


¢(q,) defines a zero-dimensional V-cycle Z). Equation (1) shows 
that Z? — Z?° is the V -boundary of Zp. 

Therefore VANWAL We denote the common homology class of all 
the cycles Zj by 2. 

Further, we write 


LEeL 7 Lal Xe: 


We have classes [Z'], [Z*], [Z°] of one, two, and three-dimensional 
V-cycles. Denote by 2; the three-dimensional cycle consisting of all 
circles. We have 


ZL 231, 


In fact, the set z, of all circles on the sphere is a three-dimensional 
projective space, given that one identifies all the circles of z; degenerating 
into a point. Denote by 2% the set of circles of z; passing through the 
points a and b. 2% is a projective line in Z3, Z{ induces on the projective 
space 23 a one-dimensional V-cycle Z‘, whose intersection index in 
23 with 22 is equal to 1, i.e., Z{ is a one-dimensional V-cycle in pro- 
jective space dual to the projective line. A one-dimensional A-cycle dual 
to the projective line is equivalent to the projective plane, so that 


Aix Zix Zi=1. 
(The intersection index of three projective planes in projective space 
is equal to 1.) 
Hence 


DZ? By (DEST XT) 23 = 1. 


We shall call K-sets closed sets of non-selfintersecting curves which 
are results of normal deformation of a subset of the collection of circles 
on the sphere S. 
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We denote by [2], [z.|, [2,3] classes of A-cycles such that for 
2°C> [z;], Zi Zi= 1; (1 = 1, 2,3). 


All the classes |z;] are nonempty. For example, the class [z3] contains 
23 [see (3) ]. Here the class [z,] is subordinated to the class [z,] by means 
of Z* and to the class [z3] by means of Z*. The class [z,] is subordinated 
to the class [z;] by means of Z!. 

We denote by c;(t = 1,2,3) the lower limit of the maxima of the 
lengths of the curves q on the sets of cycles of the classes [z;]: 

c;= inf sup/(q). 
aE lz] 9e2; 
We have c, S$ ¢) S ¢3. 

Further, c,;>0. In fact, the family of curves of length less than h 
may be reduced to points. 

If z{ is a cycle of class |2,] on which the maximum of /(q) is less than 
h, then z} may be deformed into a one-dimensional cycle of curves de- 
generating into points (more simply into a set of points, a set of dimen- 
sion 1 not covering the sphere S,). At some moment of the deformation 
sufficiently close to the final moment, the curves of 2’ go into curves of 
very small diameter, but still distinct from points, and their family 
z” still does not cover So. 2” €[z,|, Z7E Z'. But 2” X Z{=1, so that 
for any point a2” X Zj = 1 (even though 2” does not cover a), which is 
impossible, since the set-theoretical intersection of z” and the support 
Zi is empty. Thus there do not exist cycles of |z,] in the region (J Sh), 
so that 

c,h. 


The level surfaces (J =c¢,), (J =c.), (J =c¢3) contain closed non- 
selfintersecting geodesic curves of length c,, Cs, ¢c3, since on these level 
surfaces there exist nonempty K-critical sets, and K-critical sets consist 
of such geodesics, by Theorem 2 of §13. 

If c, = Co =C or Co=C3=C, then the level surface (J =c) must con- 
tain a one-dimensional A-cycle, included in the critical set of the class 
[z,]. This follows from the fundamental theorem, applied to the classes 
[z,] and |[z,]and to [z2] and [zs] respectively, the first of which is subordinated 
to the second by means of the class [Z,|. But then the family of closed 
non-selfintersecting geodesics of length c covers S», for otherwise it could 
not contain cycles nonhomologous to zero. 

If c)=¢o=¢,=c, then the level surface (J =c) contains a two- 
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dimensional cycle 25 such that 25 € [25], 2{70, while zi is contained 
in the K-critical set, which means that 2) is contained in the set of closed 
non-selfintersecting geodesics of length c,. This means that there exists a 
two-parameter family of closed non-selfintersecting curves of length c. 
Through each pair a and b of points of the sphere there must pass such 
a non-selfintersecting closed geodesic, since for a cycle z; consisting of 
such geodesics 2; X (Z7 xX Z?) = 1. This follows from the application of 
the fundamental theorem to the classes [z,] and [z;], where [z,] is sub- 
ordinated to [z;] by means of Z*. 

It is not difficult to verify that in this case all the geodesics are closed 
nonintersecting curves of length c. Thus we have arrived at a theorem 
proved by other means in our paper with L. G. Snirel’man. 

On a three-times differentiable surface of genus zero there exist either three 
closed non-selfintersecting geodesics of different lengths, or else a family 
of such geodesics of equal length and covering S, and one such geodesic of 
different length, or else all the geodesics are closed non-selfintersecting curves 
of the same length. 


24. The case n > 2. We turn to the investigation of closed geodesics 
on manifolds homeomorphic to the n-dimensional sphere (n > 2). For this 
we need to investigate certain properties of the ring of products of the 
space P = P(S,) of rectifiable closed curves on the n-dimensional sphere 
S,. Hence it follows that on a manifold homeomorphic to S, there are 
either closed geodesics of (n+ 1) distinct lengths, or else a continuous 
system of such geodesics. This generalizes the theorem proved above 
for the two-dimensional sphere S,. Under the metric restrictions of Morse 
the corresponding geodesics do not reduce to a repetition of one of them. 

We shall consider in detail the case n = 3. In the space P = P(S;) we 
select two special sets: the set % of all curves reducing to points, and 
the set B of all curves reducible to a two or more times repetition of a 
simple arc. One may metrize P so that A and B become infinitely 
separated elements. A finite set in P is a set lying outside some neigh- 
borhood of U-+ %. An A- or B-finite set is one which lies outside some 
neighborhood of Y or, respectively, of %&. 

We suppose that S; lies in Euclidean 4-space Ey. The family Ag of 
all circumferences on S; is a 6-dimensional B-finite A-cycle. Suppose that 
A/ is the collection of all circumferences whose planes in E, are orthogonal 
to the plane f, i.e., contain a line orthogonal to f. Let A, be the collection 
of all circumferences passing through the point a. A/ and A/ are 5- and 4- 
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dimensional %-finite \-cycles on P and at the same time in A,. We shall 
take our homologies mod 2. 
In Ag we have 


(2) Aix A?x AfX Af=1. 


For the proof we choose in the coordinate space E,(x, y,2,u) a plane f 
defined by the equations x = y= 0, and a plane g defined by the equa- 
tions y= u=0. Suppose that a(0,0,1,0) and 6(0,0,0,1) are selected 
points of the unit sphere S3. 

A circumference r lying in the plane x = y= 0 is a set-theoretical 
intersection 

Ai AZA? A?. 

In fact, the plane p of a circumference lying in A?A$A/A passes 
through a and 0. Since p is orthogonal to f, it contains a line / orthogonal 
to f, i.e., orthogonal to the two lines 


yS2=4=0.. 2] y= 1 —0, 
The direction cosines of ! are proportional to 
(3) O:k,:0: Ro. 
Analogously the plane p contains the line / orthogonal to g with direc- 
tion cosines orthogonal to those of 2: 
(4) k,:0:k4:0. 


Two cases are possible. 

Case 1. p contains a point c of the type (x,y,0,0). Then we find that 
for each c(x°, y°,0,0) the plane p passing through a, 6 and c contains 
lines 1 and |, with direction cosines expressed by (3) and (4). We pass 
the lines! and !, throuch c. These lines are not parallel to the line /, joining a 
and b, and they intersect /, at the points d and d,. The parametric equa- 
tion of 1, may be taken to be 


(5) x=y=0, z=t, u=1-t. 


Suppose that d = d(0,0,t,1 — t) and d, = d,(0,0,f,,1— 4). The direc- 
tion cosines of /, joining c and d, are proportional to the differences of 
the coordinates of c and d, i.e., to 


(6) Xo: Yo: (— to) : (to — 1). 


From (6) and (3) x°=0. Analogously, the direction cosines of /, are 
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proportional to 
(7) ray CS eG — 1). 


It follows from (7) and (4) that y?=0. 

Thus, in Case 1 the plane p passes through the origin of coordinates 
and its equation is x= y= 0. 

Case 2. The plane p contains no point c of the form c(xo, yo,0,0). Then 

the projection of p on the plane x = y=0 coincides with the line J, 
joining a and 6 and consisting of points of the form (0,0,t,1 —¢). If the 
point d’ lies on p off l,, then d’ =d’(x’,y’,t’,1 — t’), where |x’| + |y’| 
> 0. By hypothesis the plane p contains a line /; orthogonal to f. Such 
a line may be passed through some point d’(x’, y’,t’,1 — t’). It intersects 
fl, at some point d”(x”,y’,t”,1—t”). The direction cosines of /; are 
proportional to 
(8) xii UAH) — 0). 
Comparing (8) and (2) we obtain x’ = 0. Analogously, passing a line J, 
orthogonal to g through d and comparing (8) and (4), we obtain y’ = 0. 
But this means that any point d chosen on p lies on the line J». Thus 
the plane p does not exist. 

Thus the set-theoretical intersection A{AjA;A£ consists of the single 
element r, lying in the plane x = y= 0. For the proof of (2) we need to 
establish that the intersecting cycles lie in the neighborhood of r in 
general position. The plane of the circumference r passes through the 
points a(0,0,1,0), 6(0,0,0,1), c(0,0,0,0). 

The planes of circumferences close to r pass through the points 


a’ (x, ¥1)5 1, 0), b’ (Xz, ¥2) QO, 1), Cc: (X3, 3, QO, 0), 
where Xj, V1, X9, Yo, X3,¥3 are close to zero. 

In the neighborhood of r the numbers x), yj, x2, Yo, X3, 3 may be con- 
sidered as 6 coordinates of a plane close to the plane of r (or of the 
corresponding circumference lying in that plane). Aj is defined in the 
neighborhood of t, by the equations 
(9) X= QO, yi — v 
and Aj by the equations 
(10) X,=0, y= 0. 

Ad, as follows from the foregoing, is defined by the equation 


(11) X3 = 0, 
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and Ag by the equation 


Since the determinant of the system (9)—(12) is equal to 1, the inter- 
secting cycles lie in r in general position, and (2) is proved. 

Write A, = A$*#= A%x Afx A§£. It follows from (2) that A,X AlZ=1. 
The family of circumferences A, covers the sphere S, (since A, has an 
element in common with each A, i.e., there is in A, a circumference 
passing through any point of S,). 

V -cycles in P. We turn to the consideration of V-cycles in P. Suppose 
that q:,42,q3 are three finite elements of P,, p(qi,q2) <«, p(o,q3) <, 
p(41, 43) <e«, where e« is positive and < 1/2. On the close curves qj, 2,43 
one may choose cyclic parameters ¢ such that the points aj,a‘,a3 of 
these curves corresponding to the same value of ¢ are distant from one 
another by a distance <e«. On each pair of curves 4;,923 41,933 Qa 3 
one may stretch a film whose boundary will be correspondingly q;+ 4; 
di: + 433 2+ q3 (for example, one may join by arcs the pairs of points 
a;,a*; aj,a3; a3,a?, corresponding to a common value of the parameter 
¢, such that these arcs vary continuously with ¢ and have lengths not 
exceeding «). The sum of these films stretched on q,,q2,q3 forms a closed 
surface. The linking index of this surface with the point a is denoted by 


fi (1, Ya; 933 @). 


The functions f,(qi, ¢2,q¢3;a@) define a two-dimensional V-cycle, which 
we shall denote by Z5. We may show that this cycle does not depend, up 
to homology, on the choice of the film. 

REMARK. We could have defined three-dimensional tubes stretched 
on the curves 4), 9,@3, whose boundaries would have been the films 
defined above, and then defined the functions f; as the degrees of covering 
of the point a by these tubes. 

Further we define a one-dimensional V-cycle Z/ in the following 
way. For the pair of finite curves q;,q2 with p(q,q2) <«, we define a 
common direction of circuiting. We consider the projections of these 
curves on the plane /. If these projections have areas of the same sign, 
put 


Fi (41, 92, 933 f) = 9, 


and if they are different put /{(q:,9%2,93;/) = 1. The functions f/f; define 
a one-dimensional V-cycle Z/. 
The support of the V-cycle Z? is the set of all finite curves passing 
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through the point a, and the support of the V-cycle Z{ the set of finite 
curves whose projections on f have area Zero. 


LEMMA 1. 
(ZED 717) SM Ae = 1, 


On the manifold A, the V-cycles Z%,Z3, Z/,Z induce A-cycles of the 
same dimension: 


Ze VAR Zi Zé. 


On A, the tubes stretched on the circles 41, qa, d3, p(4i,9;) <¢t (,J = 1, 2, 3), 
will be constructed as follows. Form the family Q(q,, q2,q3) of all circles 
q € A,, forming in Ag, a three-dimensional simplex with vertices q:, qo, 43. 
The degree of covering by this tube of the point a is denoted by 
£§(@1, G2, G3; 2). The function f/(q1, G2, 43; @) defines in Ag a two-dimensional 
V-cycle Zo. 

The two-dimensional V-cycle Z$ is equivalent on A, to the four- 
dimensional A-cycle Aj. Indeed, suppose that the two-dimensional 
e-simplexes (q1, do, G3) are in general position relative to the 4-dimensional 
manifold Aj. The intersection index of this simplex, for sufficiently small 
« > 0, is equal to 1 or 0 according as this simplex contains the “‘points”’ 

; or not. In the first case the tube Q(q,, qdo,q3) contains a single cir- 
cumference passing through the point a, and itself contains the point 
a, and the degree of its covering of the point a is equal to 1. In the second, 
the degree of covering of the point a by this tube is equal to zero. Thus, 
this degree of covering, expressed by the function /5(q1, qo, q3; a), coin- 
cides with the intersection index of the e-simplex (q,qo,q¢3) with the a- 
cycle Aj. _ 

The V-cycle Zz is defined in Ag by a function of a two-dimensional 
simplex, equal to the intersection index of this simplex with a A-cycle 
Aj of complementary dimension, i.e., the V-cycle Z3 is equivalent on 
A, to the A-cycle Aj. 

Analogously, the V-cycle Z/ is equivalent on Ag to the A-cycle Aé. 
The intersection index of the one-dimensional «-simplex (q,,¢2) with A 
is equal to 1 or zero depending on whether this element has common 
elements with Af or not. Here « is sufficiently small, and (q,,q,) is in 
general position relative to Af. A{ consists of circumferences whose 
planes are orthogonal to f. The e-simplex (q;, gz) consists of a one-parameter 
family of circumferences on which for sufficiently small « there has been 
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chosen continuously an order of circuit. If (q,,q2) does not intersect Af 
the projections of these circumferences on f have the same order of 
circuit. These projections are in fact ellipses which do not degenerate 
into line segments. Then /1(qi,q2,9¢3;/) is by definition equal to zero. 
If (q:,q2) intersects Af, the corresponding projections, at one point 
turning into segments, change the order of circuiting and the sign of 
the area, and f{(q1,92;/) =1. Thus, the functions of simplexes (q,, q2) 
defining the cycle Z/ on Ag, coincide with the intersection index of this 
simplex with the A-cycle Af. Thus, Z/ is equivalent on Ag, to the A- 
cycle Ad. oe 

Therefore on Ag (Z2X Z3 x Z/X Z#) coincides with the intersection 
index on Ag, 

(At xX AqX ALX Af) = 1. 

But (2; x Ze x Zi x Z*) X As in P coincides with the intersection 
index ZX Z2x Z/xX Zf in Ag and is therefore equal to 1. 

Multiplication of \7-cycles. Consider the following cycles: 


Zig = 23 X Za X ZX Zé, 
Zovt = Zz X ZX Zi. 
ZA, = Z3 X Z3, 
Ae Ae eae 
Z3,= 23 X Zi, 


Za = Zi, 
Vi whe a At 
Z; — VAG 


Denote by (Z°) the class of six-dimensional V-cycles homologous to 
Z§,., by (Z°*) all the five-dimensional cycles V-homologous to Levis 
by (Z4) the four-dimensional cycles V-homologous to Zi,, Z the four- 
dimensional cycles V-homologous to Zi, by (Z°) the three-dimensional 
cycles V-homologous to Z,, by (Z*) the two-dimensional cycles V- 
homologous to Z2, by (Z5) the two-dimensional cycles V -homologous 
to Z2, and finally by (Z‘) the one-dimensional cycles V-homologous 
to (Z/). 

Lower K-cycles. We shall consider K-sets in P, defined in the sense 
of the remark to Theorem 2, §13, Chapter III. K-deformations of a 
family of circumferences are normal deformations of them, leaving 
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invariant single points and circumferences of sufficiently small radius, 
and never in the course of the deformation transforming any circumference 
into a multiple repetition of a simple arc. In other words, K-deformations 
are normal deformations changing only the finite portion of a subset A, 
that finite portion of A throughout the deformation remaining in a 
finite portion of P. 

K-sets in P are the results of K-deformations of a certain subset Ag 
(family of circumferences), and correspondingly K-cycles are the results 
of K-deformations of a A-cycle of Ag Since K-deformations of a A-cycle 
take place in a finite portion of P, they do not change its intersection 
indices with V-cycles. 

(ze), (25), (Za), (24), (25), (20), (24), (2) are classes of A-cycles whose 
intersection indices with cycles of the corresponding classes (Z°), (Z°), 
(Z*), (Z2’4), (Z°), (2°), (Z2’*%), (Z') are equal to 1. All of these classes 
are nonempty. Thus Ag lies in (z), AJC (25), AGE (z), ABE (24), 
Ad E (z,), AZ® EC (z.). In addition, these classes are subordinated. In 
fact, (z.) is subordinated to (z3), (23) is subordinated to (z,), (z4) 1s sub- 
ordinated to (z;), (zs) is subordinated to (z,) by means of the class Z’. 
Further, (z.) is subordinated to (z,), (z3) is subordinated to (zs), (24) 1s 
subordinated to (2) by means of (Z’); (24) is subordinated to (z.) by 
means of (Z5); (z,) is subordinated to (z;), (23) is subordinated to (Z¢) 
by means of (Z°); (z.) is subordinated to (z,) by means of (Z°); (z,) is 
subordinated to (zs) by means of (Z’%). 

A sketch of the schema of subordination of these classes, with the 
subordination indicated by an arrow, is as follows: 


—_— 
24 25 
| J 
25 Z4 
Nf 


The cycles (2,) are finitely nonhomologous to zero, i.e., they cannot be 
the boundaries of finite two-dimensional A-complexes. An example of 
such a cycle of (z,) could be the set z, of circumferences on a two- 
dimensional sphere S,, lying in S3, and passing through two points a 
and b. This cycle may be deformed by an infinite deformation into an 
infinitely distant element, a point or a twice repeated simple arc. An 
example of a cycle of the class (z;) could be the collection of all great 
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circles on the sphere S,. Cycles of class (25) can be brought into the 
infinite element p by an infinite deformation, but they are not homologous 
to zero in the finite part of P. 

The functional I(q) on P. Each hypersurface homeomorphic to a 
sphere S; may be considered as a sphere S; on which there is given some 
metric. We shall denote by /(q) the length of a curve gq of P in the natural 
metric. 

Suppose that /(q) is a functional denoting the length of the arc gq. 
Denote by c¢;(t = 1,2,3,4,5,6) and by c; (J = 2,4) the lower bounds of 
the maxima of [(q) on cycles of the classes (z;) and (z/). c,; and cj are 
equal to zero. 

We shall show that Co, C3, C4, C4, C5, Ce are not equal to zero. Since 
C4 2 Co, Copp 2 Co for R > 0, then it suffices to prove that c,> 0. 

If cp = 0 there exists a K-deformation carrying a cycle 2.€ (2) and 
lying in Ag into a cycle z, on which the maximum length of curves is less 
than 4/4, h being any number less than the diameter of the sphere. We 
shall show that this is impossible. 

We introduce the concept of a normal two-dimensional ¢-simplex 
(¢1,92,g3) in P. Select a cyclic parameter @ on qi, G2, G3 such that the 
points af, a$, af are distant from one another by at most «. Construct 
the spherical triangle with af, ag, a} as vertices. Suppose that Aj, A», A3 
are nonnegative numbers and that > 3.4; = 1. The point c(¢, Aj, Az, As) 
is a point of the spherical triangle with the barycentric coordinates 
\i, Ag, Az When ¢ runs through the entire period of its values, the point 
C(@, A1, Az, A3) for fixed Ay, Ax, Ag marks out a curve which we shall denote 
by (41, 42, Ya, A1, 42,43). Obviously, for example, 9(41, 42,93, 1,0,0) = q. 
We shall say that 4¢(q1, 92,93, A1,A2,A3) has barycentric coordinates \,, 
Ao, Az in the normal triangle (q;,q2,q3) and so forth. The collection of 
curves g(1, 92, Ga, A1, Aa As)s Ar tAg+A3=1, 1.20, A220, A320 18 a 
normal simplex with the vertices q:, qo, qs. 

Suppose that & is a two-dimensional «-complex, consisting of «- 
simplexes, and suppose given a deformation D of all the vertices of 
these simplexes. At the moment t of this deformation the curves qi, 4, 43 
which are the vertices of the normal «-simplex go into curves D(q;,2), 
i = 1,2,3. The points a%, af, a of the curves 4), 42, 93, the distances 
between which do not exceed «, go into points D(af,t), 1 = 1,2,3 of the 
curves D(q;,t), while the distance between pairs of such points for any 
t does not exceed a > 0, where a is arbitrarily small for sufficiently small 
«. Suppose that a < h. Consider the deformation D on the entire complex, 
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and suppose that (qi, 42,43, A1, A2,A3) is an element of the normal e- 
simplex (q1, 92,43), i.e., the collection of points cy, = C(¢; Aj, Az; As) of the 
triangles a?, ag, ag. We shall show that D(c,,¢) is a point of the spherical 
triangle with vertices D(af,t), i=1,2,3, and the same _ barycentric 
coordinates 1, A», Az. The collection of points D(c,,t) for various 
values of ¢ forms a curve D(q,t). The curves D(q,t) fill out a normal 
e-simplex with vertices D(q;,t), 1=1,2,3. Thus we have defined a 
normal deformation of the entire e-simplex (4), q2,q3). We shall apply 
this construction to any e-simplex and to our entire normal complex 
under the normal deformation of (4), q2, g3); a curve, an element with the 
barycentric coordinates \,, Az, A3 goes into a curve which is an element 
with the same barycentric coordinates in a simplex with vertices which 
are images of the initial vertices. 

Consider a cycle z.C A, of class (z,). Suppose that there exists a K- 
deformation D carrying it into some cycle z, on which the maximum length 
of curves g < h/4. For each curve q’ of z, we find the center of gravity on 
the sphere 5,, d(q’) = d,, and define a deformation. D, carrying the curve 
q’ into its center of gravity. A point c of the curve gq’ moves under the 
deformation D, along a geodesic arc cd, with uniform velocity, and at 
the final moment of the deformation D, goes into d, = d(q’). The product 
D,D is a deformation D,, carrying 2, into a collection of isolated points. 
Suppose that the final moment of the deformation D, corresponds to 
the value ¢ = 1, and the initial moment to ¢ = 0. At any moment ¢ € (0,1), 
t <1 of the deformation D», the curve q € 2, distinct from a point, goes 
into the same curve. At any moment t < 1 the image z, of the cycle z, must 
cover any point of the sphere S,, since 25x Z27=2°X Z?=1. 

Now we choose a number « such that any curves of z, distant from one 
another by less than « remain distant under the deformation D, by a 
distance less than h/4. We carry out a simplicial decomposition of 2, 
into «-simplexes (4, 42,93). Define a deformation D’ carrying each e- 
simplex (@:, 42,93) of Z. into a normal simplex with the same vertices 
(91, 92,93). Write 

2, = D'zp. 


At any moment ¢t, 0 <t< 1, the deformation D, carries the vertices 
of any e-simplex (qj,q2,qg3) into curves D,(q,,t), the distance between 
which <a <h/4. 

Define a deformation D? of the complex z, which for the vertices 
gi, G2, G3 of simplexes of z, coincides with D, and then extends as a 
normal deformation onto the simplexes themselves, i.e., a curve which 
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is an element q of the «-simplex (q;,q2,q3) with barycentric coordinates 
Ai, Ax, Ag goes into an element with the same barycentric coordinates 
of the simplex whose vertices are the images of 4, g2, 93 at the corre- 
sponding moment ¢ of the deformation. 

At the moment t = 1 the vertices q; (i = 1,2,3) of each e-simplex of 
Z, go into points a; = D*(q;,1). The curve (qj, qd, 43, \1, 2) \3) Of the «- 
simplex (q1, 92,93) with the barycentric coordinates )\,, A», A3 goes into 
the point (Aj, 2, A3) of the geodesic triangle a,, a,, a3; with the barycentric 
coordinates \1, Ae, A3. Thus the entire simplex (q,,q2,q3) goes as a result 
of D, into a collection of points filling out a certain spherical triangle. 

The entire cycle z, as a result of the deformation D® goes into a col- 
lection of points B, filling out a finite or countable number of geodesic 
triangles and therefore not covering the entire three-dimensional sphere 
S,. At the moment t) <1 of the deformation, sufficiently close to the 
final moment 1, the deformation carries the cycle 2. into a set of curves 
of arbitrarily small length and filling out some arbitrarily small neigh- 
borhood of the set B and therefore not filling out the entire sphere S3. 
We cut off the deformation D’ at that moment t) and denote this trun- 
cated deformation by Dy. 

The product Dj,D’ is a deformation of the family of curves 2,, carrying 
it into the family z5 which does not cover the sphere S3. But there is 
no such deformation, since z4 X Z3 = 1 for any aC Ss. We have arrived 
at a contradiction, the escape from which consists in the inequality 
Co > h/4> 0. 

The numbers ¢;(t = 2,3,4,5,6), cy are k-critical values of J(q). 

There accordingly exist (see Theorem 2 of Chapter III) closed geo- 
desics of lengths co, C3, C4, C4, Cs, Cs. Thus generally speaking there are 
6 closed geodesics. 

In view of the rules for subordination of A-cycles of the classes (2;) 
and (z;) and the fundamental theorem we have: 

If co = C3 = Cj; C3 =Cy= Cj} CL = Cy =C; C3 —=Cg=C, then there exists a 
one-dimensional A-cycle consisting of closed geodesics of length c and 
belonging to the class (2;). Since all closed geodesics are situated in the 
finite portion of P, this cycle cannot be reduced to a single element. 

If co = ci =C; C3 =C,=C; Cy=Cge=C, then there exists a cycle con- 
sisting of closed geodesics of length c, belonging to the class (2) and 
covering the entire hypersurface S3. 

If c, =cg=c, then there exists a cycle consisting of closed geodesics 
of length c in the class (23). 
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Ifcos=cs =C; C3 = Cg = ¢, then there exists a cycle consisting of closed 
geodesics of length c and in the class (23). 

If c; =c =C,¢, then there exists a cycle of closed geodesics of length 
c of class (z,). In this case all the geodesics are closed. 

In every case either both groups of strong inequalities 


Co < Cay < C4 < Ce, Co < C4 < Ca < Cg, 


are satisfied, and then there exist at least 4 closed geodesics of distinct 
lengths, or else there exists a continuous family of closed geodesics. 

As for the general n-dimensional case, let us suppose that P = P(S,) 
is the space of rectifiable curves on the n-dimensional sphere S,. Agn_3 1s 
a (8n — 3)-dimensional cycle of all circumferences on S,. Z7~* is a (n — 1)- 
dimensional V-cycle whose support is the collection of all curves of P 
passing through the point a. Z} is a one-dimensional V-cycle whose 
support is the family of all curves of P whose projections on the plane 
f have zero area. Repeating the preceding considerations, we obtain 


(Zo XZ, i XD OC oY) Ago = 1. 


Thus a repetition of the preceding arguments will guarantee the 
existence of at least (n+ 1) closed geodesics of different lengths or a 
continuous family of such geodesics on a manifold homeomorphic to 
the sphere S,. 


25. The case n = 2", For n = 2° one may sharpen the preceding result, 
by making use of the recent work of L. S. Pontrjagin on the ring of inter- 
sections in the space of planes with a common point. In fact, the number 
of closed geodesics on a manifold homeomorphic to an n-dimensional 
sphere is equal to 2n — 1. First of all we define in the space P, of rectifiable 
curves on the sphere S, a certain (n — 1)-dimensional V-cycle. 

Suppose that S, is the unit sphere in the space E,,, of (n+ 1) dimen- 
sions. Suppose that 4q;,92,--:,Qn4, are (n+1) curves of P,, where 
p(qi,9;)) <€,1,J =1,2,---,n+ 1. We stretch on the curves qi, qo, °++;Qn41 
on the sphere S, an n-dimensional ‘“‘sausage” 7,,(q1, 42, ---,Qn41) (material 
support of the (n — 1)-dimensional simplex in P, with vertices q, 
9o,--+,Qn). Lo each curve gq of P, we assign a two-dimensional film in 
E41, Stretched on q, in fact by joining the center of gravity of g in E,., 
with all the points of q by rectilinear segments. The family of such films, 
stretched on all the curves of the simplex T,,(q,,q2, ---,@n41) forms an 
(n + 1)-dimensional band. Define a function f, (q,,q9,---,¢,) as the 
degree of covering by this band, modulo 2, of the point 0, the center of 
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the sphere S, in F,,,,. The sequence f, defines a certain (n — 1)-dimensional 
V-cycle, which we shall denote by Y. The support of the cycle Y is all 
the curves on which the films passing through 0 are stretched. This 
support on intersecting with the 3(n — 1)-dimensional A-cycle Ajay 
yields a 2(n — 1)-dimensional cycle A,,_.— the family of all great circles. 

L. S. Pontrjagin proved that the length of the space A~~? for n = 2? 
is equal to 2n — 2, in fact that there exist 2n — 2 one-dimensional V- 
cycles, whose product is not equal to zero. But in A.,_» there exist 
unique homology classes of A- and V-cycles, and these one-dimensional 
V -cycles are homologous to cycles induced in A™ by the cycles Z} of 
the preceding section. 

Thus, 


Aaa & (YX Zhx VA Pater x Zin 2) <0. 


The length of A3,_3 is equal to 2n — 1. 

Repeating the considerations of the preceding section, we obtain 
2n — 1 classes of A-cycles subordinated to one another, specifically, 
one class |y | of (n — 1)-dimensional A-cycles such that yx Y #0 (as 
an example of such a class one may choose the collection of all circum- 
ferences passing through two given points on S, which are not diametri- 
cally opposed), and classes |y,;|, i= 1,2,---,2n—2, all (n+1-—1)- 
dimensional A-cycles such that y;* [Y X Z} X Z/,X --- X Z}.| 40. Evi- 
dently the class |y;| is subordinated to the class [¥;,,] by means of a 
class of k-dimensional V-cycles obtained by multiplying the k-cycles Z/. 


Hence, if c;, for 1 = 0,1,2,---,2n — 2, are the minimum maxima of 
the function y(qg) on the cycles y; of the class [y,;|, then, as in the pre- 
ceding section, 0 <¢) <¢,; < +--+ SCm_». To each c; there corresponds 


a closed geodesic of length c;. If c; = c;,; = c, there exists a k-dimensional 
system of closed geodesics of length c. 
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